ON THE SPECTRAL CHARACTERIZATION OF MANIFOLDS 



ALAIN CONNES 



Abstract. We show that the first five of the axioms we had formulated on 
spectral triples suffice (in a slightly stronger form) to characterize the spectral 
triples associated to smooth compact manifolds. The algebra, which is assumed 
to be commutative, is shown to be isomorphic to the algebra of all smooth 
functions on a unique smooth oriented compact manifold, while the operator 
is shown to be of Dirac type and the metric to be Riemannian. 
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1. Introduction 



The problem of spectral characterization of manifolds was initially formulated as 
an open question in The issue is to show that under the simple conditions 

of [llj on a spectral triple {A,Ti., D), with A commutative, the algebra A is the 
algebra C°°{X) of smooth functions on a (unique) smooth compact manifold X. 
The five conditions ([HJ), in dimension p, are 

(1) The n-th characteristic value of the resolvent of D is 0{n~^^P). 

(2) [[D,a],b] =0 Va,6 e A 

(3) For any a E A both a and [D, a] belong to the domain of (5™, for any integer 
m where S is the derivation: S{T) — [\D\,T]. 

(4) There exists a Hochschild cycle c G Zp{A,A) such that ttd{c) = 1 for p 
odd, while for p even, 7r£)(c) = 7 is a Z/2 grading. 

(5) Viewed as an yl-module the space Hoc — nDomZ?™ is finite and projective. 
Moreover the following equality defines a hermitian structure ( | ) on this 
module: {C,ar,) =^ a{^\r)) \D\~p , Va G A V^, G Hoo- 

The notations are recalled at the beginning of f|2] below. The strategy of proof was 
outlined briefly in [11]. It consists in using the components (j > 0) of the cycle 
c = ^ a° (8) a;!j ® • • • (g) a^J, as tentative local charts. There are three basic difficulties: 

a) Show that the spectrum X of ,4 is large enough so that the range of "local 
charts" Oq, contains an open set in MP. 

b) Show that the joint spectral measure of the components (j > 0) of a 
"local chart" is the Lebesgue measure. 

c) Apply the basic inequality ([8], [9], Proposition IV. 3. 14) giving an upper 
bound on the Voiculescu obstruction [2S] and use [2S] Theorem 4.5 to show 
that the "local charts" are locally injective. 

In a recent paper [22], Rennie and Varilly considered the above challenging problem. 
The paper [22j is a courageous attempt which contains a number of interesting 
ideas and a useful smooth calculus but also, unfortunately, several gaps, each being 
enough to invalidate the proof of the claimed result. 

I will show in this paper how to prove a), b), c). I have tried to be very careful 
and give detailed proofs. The way to prove a) uses a new ingredient: the implicit 
function theorem (whose presence is not a real surprise). We shall first assume that 
continuous ^-derivations of A exponentiate, i.e. are generators of one-parameter 
groups (of automorphisms of A). Then most of the work, done in §Sj5l[6l is to show 
that this hypothesis can be removed. In this very technical part of the paper we 
show that enough self-adjoint derivations of A exponentiate. We first prove in ^ 
that enough derivations are dissipative for the C*-algebra norm. We then proceed 
in ^ and use the self-adjointness of D and the third condition (regularity) in the 
strong form, to show the surjectivity of the resolvent, and apply the Hille-Yosida 
Theorem to integrate these derivations into one-parameter groups of automorphisms 
of the C*-algebra. We then show that they are continuous for the Sobolev norms 
and define automorphisms of A. 

To prove b) one needs a key result which is the analogue in our context of the quasi- 
invariance under diffeomorphisms of the smooth measure class on a manifold, whose 
replacement in our case is given by the Dixmier trace. This is shown in Proposition 
16.161 at the end of ^ We then prove in Sj7] the required absolute continuity of the 
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spectral measure using a smearing argument. In ^we show the required inequahty 
between the multipUcity of the map Sa and the spectral multiplicity of the a^. 

To prove c) a new strategy is required. Roughly one needs to know that the multi- 
plicity function of a tentative local coordinate system is locally bounded while the 
information one obtains just by applying the strategy outlined in [11 (and pursued 
in |22j ) is that it is a lower semicontinuou^ integrable function. Typical examples 
of Lebesgue negligible dense Gs set^ show that, as such, the situation is hopeless. 
In order to solve this problem, one needs a local form of the basic inequality ([H], 
[5], Proposition IV. 3. 14) giving an upper bound on the Voiculescu obstruction. We 
prove this result in ^ This key result is combined with Voiculescu's Theorem 
(Theorem 4.5 of [25| ) and with the initial implicit function technique to conclude 
the proof in fJTH Our main result can be stated as follows (c/. Theorem 1 11.3P : 

Theorem 1.1. Let {A,Ti.,D) be a spectral triple, with A commutative, fulfilling 
the first five conditions of |11| ( cf. in a slightly stronger form i. e. we assume 
that: 

• The regularity holds for all A-endomorphisms o/nDomZ?™. 

• The Hochschild cycle c is antisymmetric. 

Then there exists a compact oriented smooth manifold X such that A is the algebra 
C°°{X) of smooth functions on X . 

Moreover every compact oriented smooth manifold appears in this spectral manner. 
Our next result is the following variant (Theorem [TT3]) : 

Theorem 1.2. Let {A, 7i, D) be a spectral triple with A commutative, fulfilling the 
first five conditions of |11| (cf. |Q) with the cycle c antisymmetric. Assume that the 
multiplicity of the action of A" in Ti is 2^/^ . Then there exists a smooth oriented 
compact (spin'') manifold X such that A = C°°(X). 

This multiplicity hypothesis is a weak form of the Poincare duality condition 6 of 
[TT] and thus the above theorem can be seen as the solution of the original problem 
formulated in [11] and gives a characterization of spin^ manifolds. It follows from 
[TT] {cf. [14] for the proof) that the operator D is then a Dirac operator. The reality 
condition selects spin manifolds among spin'^, and the spectral action ([5]) selects 
the Levi-Civita connection. 

Finally we make a few remarks in fJTH The first describes a different perspective on 
our main result. As explained many times, it is only because one drops commuta- 
tivity that variables with continuous range can coexist with infinitesimal variables 
(which only affect finitely many values larger than a given e). In the classical 
formulation of variables, as maps from a set X to the real numbers, infinitesimal 
variables cannot coexist with continuous variables. The formalism of quantum 
mechanics and the uniqueness of the separable infinite dimensional Hilbert space 
cure this problem. Using this formalism, variables with continuous range {i.e. self- 
adjoint operators with continuous spectrum) coexist, in the same operator theoretic 
framework, with variables with countable range, such as the infinitesimal ones {i.e. 
compact operators). The only new fact is that they do not commute. The content 
of Theorem 11.21 can be expressed in a suggestive manner from this coexistence be- 
tween the continuum and the discrete. We fix the integer p and N = 2^^/^! where 

^the inverse image of ]a, oo] is open 
^countable intersection of open sets 
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[p/2] is the integral part of p/2. The continuum wiU only be used through its "mea- 
sure theoretic" content. This is captured by a commutative von-Neumann algebra 
M and, provided there is no atomic part in M, this algebra is then unique (up to 
isomorphism) . It is uniquely represented in Hilbert space TL (which we fix once and 
for all, as a universal stage) once the spectral multiplicity is fixed equal to N . Thus 
the pair (M, 7i) is unique (up to isomorphism). Let us now consider (separately 
first) an infinitesimal ds i.e. a self-adjoint compact operator in TL. Equivalently 
we can talk about its inverse D which is unbounded and self-adjoint. We assume 

that ds is an infinitesimal of finite order a — -. The information contained in the 

p 

operator ds is entirely captured by a list of real numbers, namely the eigenvalues 
of ds (with their multiplicity). This list determines uniquely (up to isomorphism) 
the pair {Ti,D). Theorem 11.21 can now be restated as the birth of a geometry 
from the coexistence of (M, TL) with (7i, D). This coexistence is encoded by a uni- 
tary isomorphism F between the Hilbert space of the canonical pair (Af, 7i) and 
the Hilbert space of the canonical pair {Ti,D). Thus the full information on the 
geometric space is subdivided in two pieces 

(1) The list of eigenvalues of D. 

(2) The unitary F. 

We point out in SJTH the analogy between these parameters for geometry and the 
parameters of the Yukawa coupling of the Standard Model (^Bj) which are encoded 
similarly by: 

(1) The list of masses. 

(2) The CKM matrix C. 

This analogy as well as the precise definition of the corresponding unitary invariant 
of Riemannian geometry will be dealt with in details in the companion paper [12j . 

The second remark recalls a result of M. Hilsum on finite propagation (c/. TTJ). 
We then discuss briefly in f}T2]the variations dealing with real analytic manifolds, 
non-integral dimensions and the non-commutative case. 

We end with two appendices. In the first, fJTSl we discuss equivalent formulations 
of the regularity condition. In the second, j fT4l we recall the basic properties of the 
Dixmier trace and its relation with the heat expansion. 

Acknowledgment. The author is grateful to G. Landi, H. Moscovici, G. Skandalis 
and R. Wulkenhaar for useful comments. 

2. Preliminaries 

Let us recall the conditions for commutative geometry as formulated in llj. We 
shall only use the first five conditions. 

We let {A,7i,D) be a spectral triple, thus 7i is a Hilbert space, A an involutive 
algebra represented in Ti and D is a selfadjoint operator in TL. We assume that 
A is commutative. We are given an integer p which controls the dimension of our 
space. The conditions are: 

1) Dimension: The n-th characteristic value of the resolvent of D is 0{n^^^^). 

2) Order one: [[DJ],g] = Q yf,geA. 

We let S{T) = [\D\,T] be the commutatoiH with the absolute value of D: 

■^Tho domain of 5 is the set of bounded operators T with TDom|_D| C Dom|D| and <S(T) 
bounded. 
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3) Regularity: For any a ^ A both a and [D^a] belong to the domain of 6"^, for 
any integer m. 

We let TT]j he the linear map given by 

(1) TrD{a°(g)a^(g)...(g)aP)^a'^[D,a^]...[D,aP], Va^eA. 

4) Orientability: There exists a Hochschild cycle c G Zp(A,A) such thatTToic) = 1 
for p odd, while for p even, 7r£)(c) — 7 satisfies 

7 = 7*, 7^ = 1 , 7Z) = —Dj . 

5) Finiteness and absolute continuity: Viewed as an A-module the space Hoc — 
n„ Domain 13™ is finite and projective. Moreover the following equality defines a 
hermitian structure {\) on this module, 

(2) j-a{i\r,)\D\-P \f a e A , V e Hoo ■ 

In other words the module can be written as Hoo ~ eA" with e = e* E AIn{A) 
defining the Hermitian structure so that 

(3) (e|77)=E^**'?''e-^' Ve,?/ee^" 

It follows from condition 4) and fronfl ( 9 , Theorem 8, IV. 2. 7, and [T3]) that the 
operators a\D\^P, a G A are measurable ([9j, Definition 7, W.2.(3) so that the 
coefficient -j^ a\D\^P of the logarithmic divergence of their trace is unambiguously 
defined. 

It follows from condition 5) that the algebra A is uniquely determined inside its 
weak closure A" (which is also the bicommutant of A in H) by the equality 

A = {TeA" ; T e n„>o DomJ™} . 

This was stated without proof in [11 and we give the argument below: 

Lemma 2.1. The following conditions are equivalent for T G A!' : 

(1) T eA 

(2) [D,T] is bounded and both T and [D,T] belong to the domain of S"^ , for 
any integer m 

(3) T belongs to the domain of S™ , for any integer m 

(4) THoo C Hoc 

Proof. Let us assume the fourth property. Then T defines an endomorphism of 
the finite projective module Tioo — eA" over A. As any endomorphism T is of the 
form, 

(4) T ^ e[aij]e , a^- G A 

i.e. it is the compression of a matrix a — [oij] G AI„{A). 

Let us show that since T belongs to the weak closure of A one can choose = xSij 
for some element x of A. The norm closure A of ^ in C{'H) is a commutative C*- 
algebra, A = C{X) for some compact space X, and since ^ is a subalgebra oi C{TL) 
it injects in A. The following equality 

(5) m = -ffiDr, v/ga, 



"^We shall not use this result in an essential manner since one can just fix a choice of Dixmier 
trace Tr,^ throughout the proof. 



defines a positive measure A on X. We let £ = eA^ be the induced finite projective 
module over A, which is intrinsically defined as £ = Hoc '^A A- We let S be the 
hermitian vector bundle on X such that £ = C{X, S). By the absolute continuity 
relation the representation of ^ = C{X) in TL is obtained from its action in 
L'^{X, A) by the tensor product 

(6) n^£ (E)A {X, A) = eL^ (X, A)" = 

This shows that the weak closure A" — A' of A in Ti is given by the diagonal 
action of L°°(X, A) in eL^{X, A)". Thus, since T e A", there exists / € L°°(X, A) 
such that T ~ e/. It follows that the matrix eae belongs to the center of eMn{A)e. 
This center is e{l ® A) and thus T agrees with an element of A which proves the 
implication 4) ^ 1). To be more specific, and for later use, let us give a formula 
for an element x E A such that T = ex in term of the matrix elements tij G ^ of 
T = e[aij]e. First the fact that T belongs to the center of the algebra B = eMn{A)e 
of endomorphisms of Tioo can be seen directly since any such endomorphism S is 
automatically continuous in H using Thus since T E A" one has ST = TS. 
Since e is a self-adjoint idempotent and A injects in C{X) the element r = Tr(e) = 
^ Cjj E A is determined by its image in A which is just the function x G X 
dimS;,. e {0, 1, . . . , n}. This determines n + 1 self-adjoint idempotents pj e A by 

(7) r = Tr(e) = ^jPj ^p^ = l. 

To check that pj £ ^ it is enough to show that pj — Pj (r) where Pj is a polynomial 
with 

(8) P,(fc) = 0, Vfc^j, 0<fc<n, P,(j) = l. 
One then has the following formul£0 for x: 

(9) x={Y,t^^)J2^PJ&A. 

As T belongs to the center of eA/„(C(X))e one gets an equality T = e/ for / G 
C{X) and working at every point x e X one then shows that T — ex. 
The implication 1) ^ 2) follows from the regularity, and 2) 3) is immediate. To 
show the implication 3) ^ 4) one uses the definition of Tioo as the intersection of 
domains of powers of |Z3| and the implication 

TeDomJ", ^ e Domini" ^ e Dom|i:>r 

with the formula 

(10) \DrT^ = £ ( T ) ^''^^^ \Dr'^£, , Ve e Dom|2?r 

which is proved by induction on ni. More precisely this gives an estimate of the 
norms but one has to care for the domains and proceed as follows. By definition 
any T E DomS preserves the domain Dom|L)| thus one gets (|10p for m = 1. Let 
now T E DomJ^ i.e. T E DornS and 5{T) E DomS. Let ^ E Dom|L>|2. Then 
since T E Dom5 and \D\i E Domini, one has T\D\S, E Dom|D|. One has 5{T)^ ^ 
\D\T^ — T\D\(_ where both terms make sense separately. Since S{T) E Dom6 one has 
S{T)'DoiTi\D\ C Domini. Thus d{T)^ E Dom|L>|. Hence \D\T^ = 6{T)^ + T\D\^ E 



^Note that po 
condition 5. 



= because of the faithfulness of the action of A. in Hilbert space together with 
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Dom|D| so that T preserves Dom|Z?p. Moreover one gets pH)) for to = 2 as an 
equality valid on any vector ^ G DomlZJp. One can now proceed by induction on 
TO. We assume to have shown, 

• For 9 < TO, S' e Dom(5« ^ S'Dom|i:i|9 C Bom\D\'i 

• (fTO|) holds for all n < TO. 

For T e Dom(5™+^ and ^ G Dom|£'|™+^, one has ^ e DonilZ?!™ and one can use 
the induction hypothesis to get 

i^rre = f]( )s'^{T)\Dr-''^ 

k=0 ^ ^ 

Let us show that S''{T) e DomlDl. One has S''{T) e Dom6"^+^-'' C Dom5 

and IDI™^*^^ e Dom|£'|^+'' C Dom|D| which gives the result. Thus each term of 
the sum belongs to Dom|Z3| and one has 

ni 



z — n V / 



k=0 

Moreover, as S''{T) e BomS and iDp^'^C e Dom|D| one has 

\D\S''{T) \Dr-''(, = 6''+\T) ID]"'-''^ + 5''{T) 10]"'-''+^^ 
which gives (fTO]) for n + 1 . □ 



This shows that the whole geometric data (AjTijD) is in fact uniquely determined 
by the triple {A" , Ti, D) where A" is a commutative von Neumann algebra. 
This also shows that ^ is a pre-C*-algebra, i.e. that it is stable under the holo- 
morphic functional calculus in the C*-algebra norm closure of A, A = A. Since we 
assumed that A was commutative, so is A and by Gelfand's theorem A = C{X) 
is the algebra of continuous complex valued functions on X = Spec(y4). We note 
finally that characters x of ^ are automatically self-adjoint: xi'^*) = xi*^) since 
the spectrum of self-adjoint elements of A is real. Also they are automatically 
continuous since the C*-norm is uniquely determined algebraically by 

||a|| =sup{|A| |a*a- ^ A'^} 

thus they extend automatically to A by continuity so that 

SpecA = Specyi . 

We shall now show that is a Frechet algebra i. e. a complete locally convex algebra 
whose topology is defined by the submultiplicative norms 

(11) Pk{xy) < pk{x)pk{y) , 'ix,y<EA 

associated to the regularity condition, for instance by 

( X 5{x) ... 5^{x)/k\ \ 
X 



(12) pk{x) ||pfc(a;)|| , Pk{x) 



since is a representation of A. 



X 5{x) 

\ ... X j 



Proposition 2.2. (1) The unbounded derivation 6 is a closed operator in CiTi). 
(2) The algebra A endowed with the norms pu is a Frechet algebra. 
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(3) The semi-norms pk{[D, a]) ~ p'i^{a) are continuous. 
Proof. (1) Let GdZ?!) be the graph oi \D\. The graph of S is 

GiS) = {(T, 5) e Ciny I in, Tr, + S£,) e Gi\D\) , V(e, v) e Gi\D\)} . 
It is therefore closed. 

(2) Let us show that A is complete. Let a„ e ^ be a sequence which is a Cauchy 
sequence in any of the norms pk. Then a„ — > T in norm, so that T & A <Z A" . Since 
(5 is a closed operator one has T g T)omS and i5(a„) — > <5(r) in norm. By induction 
one gets, using the closedness of S that T e DomS'' and 5^{T) — lim5'^(a„). Thus 
T G nDomJ™ and by Lemma 12.11 we get T € A. Furthermore we also have the 
norm convergence 5^{T) — lim(5'"'(a„). This shows that the a„ converge to T in the 
topology of the norms pk and hence that is a Frechet space. 

(3) Let us show that if we adjoin the semi-norms p'^. to the topology of A we still get 
a complete space. The argument of the proof of (1) only uses the closedness of the 
operator \D\ and thus we get in the same way that the derivation T d{T) = [D, T] 
with domain Domd = {T e C{n) \ TDomD C DomD , || [D, T]\\ < oo} is closed for 
the norm topology of C{TL). Thus the above proof of completeness applies. The 
result then follows from the open mapping Theorem ( 24J Corollary 2.12) applied 
to the identity map from A endowed with the topology of the p^ , p'f. to A endowed 
with the topology of the pfc. □ 

In fact Lemma |2. II shows that one has Sobolev estimates, using finitely many gen- 
erators 77^ of the yl-module Hoo to define the Sobolev norms on A as 

(13) ||a||r'^°'- = (^||(l-t-Z?2)./2„^^|,2)i/2^ y^^^ 
One has 

Proposition 2.3. (1) When endowed with the norms (|T3|) . A is a Frechet sep- 
arable nuclear space. 

(2) One has Sobolev estimates of the form 

(14) Pfc(a) <cfc|la||:f°'-, pfc([Aa])<4ll«ll:t°''=^ Vae^ 

with Cfe < 00, c'f. < 00 and suitable sequences s^ > 0, sj. > 0. 

(3) The spectrum X — Spec(^) is metrizable. 

(4) Any T g EndXHoo is continuous in H-oo and extends continuously to a 
bounded operator in TL. 

(5) The algebraic isomorphism TLoo = eA^ is topological. 

(6) The map (a, ^) 1— > and the A-valued inner product are jointly continuous 
A X Hoc — * "Hoc and Hoo x TLoo — > A. 

Proof. 1) By construction the family (jl3p is an increasing sequence of norms. Let 
us show that A is complete. Let a„ be a sequence of elements of A such that the 
vectors (1 + D^y/'^anrifi converge for all s (and all /i). We then obtain vectors 

= lim a„77^ G TLoo , , 

where the convergence holds in the topology of Tioo- Let then T be the operator 
given by 

(15) TC = lima„^, G Hoo • 
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It is well defined since one can write ^ = ^^Vfj. with (z A which gives a„^ = 
J^b^'^nVfj. which converges, in the topology of Hoo, to J^^^CtJ- since the 6^ are 
continuous linear maps on Tioo using pop and regularity. Thus T is a linear map 
on Tiaa and it commutes with A i.e. it is an endomorphism of this finite projective 
module. Thus T is of the form Q and in particular it is bounded in Ti.. Also since 
endomorphisms of the finite projective module are automatically continuous in Ti. 
they commute with T using (|15p . Thus the argument of Lemma 12.11 shows that 
T E A. Moreover, since the convergence ([T5|) holds in the topology of Hoc, one has 
a„ ^ r in the Sobolev topology and A is complete in that topology. Thus .4 is a 
Frechet space. It is by construction a closed subspace of the sum of finitely many 
spaces Tioo each being a separable nuclear space (of sequences of rapid decay) . Thus 
it is a separable nuclear space. 

2) The identity map from the Frechet algebra A with the norms to the Frechet 
space A with the Sobolev topology, is continuous (using ^TU\i ) and surjective. Hence 
the open mapping Theorem ( p4| Corollary 2.12) asserts that it is an open mapping. 
This shows that the inverse map is continuous which gives the required estimates 
for the norms pk. The result for the semi-norms pk{[D,a\) follows from Proposition 
[221 

3) Since ^ is a Frechet separable nuclear space there is a sequence Xn € A which 
is dense in any of the continuous norms and in particular using 2) in the po norm. 
This shows that the C*-algebra A is norm separable and hence that its spectrum 
is metrizable. 

4) By hypothesis T being an endomorphism is of the form ^ . Using the inclusion 
A <Z A = C{X) of A in its norm closure, we can view T as an endomorphism of the 
induced C*-module £ over A. By ([S]), any element of EndA{£) defines a bounded 
operator in H. This shows that the graph of the operator T in Hoo x Hoo is closed 
and hence by the closed graph theorem that T is continuous in the Frechet topology 

of Hoo. 

5) The product ^ x ^ ^ ^ is jointly continuous using the submultiplicative norms 
Pk of p^ . This shows that eA^ is a closed subspace of A" and hence is complete. 
Moreover the map (uj) '—^ ^ aj^j for given G Hoc is continuous from A^ to Hoc 
using pO)l . Thus the open mapping theorem gives the result. 

6) Follows from 5) and the joint continuity of the product A x A ^ A. □ 

We end this section with the stability of A under the smooth functional calculus 
as shown in [22] Proposition 2.8. We repeat the proof for convenience. 

Proposition 2.4. Let aj — a* be n self-adjoint elements of A and f : R" i-^ C 6e 
a smooth function defined on a neighborhood of the joint spectrum of the aj . Then 
the element /(ai, . . . , a„) € A belongs to A <Z A. 

Proof. Let us first show that for a — a* E A one has for any fc G N, 

(16) \\5\e^^'^)\\=0{\s\^), \s\^^. 
For fc = 1 one has 

(17) 5(e*"") = is ( e''"'5{a)e'^^-*^"'dt 

Jo 
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which proves for k — 1. In general one has, with (3u{T) — e™*Te '"^"j 

(18) l<5"(e-'^)e— = [ (^) ' ' ' (^)rf- 

where Si = {{uj) \ Q < ui < . . . < < V\ the standard simplex. This gives 
(fTO)) . Now the joint spectrum K C M" of the is a compact subset and one can 
extend / to a smooth function with compact support / e C^(]R"). The element 
/(ai, . . . , a„) e A is then given by 

(19) f{a,,...,an)^i27T)-^ J /(si, . . . , s„) [] e"^"^' H ^^J" 

where / is the Fourier transform of / and is a Schwartz function / G 5(M"). By 
the integral is convergent in any of the norms pk which define the topology 
of A and one gets /(ai, . . . , a„) £ A. □ 



3. Openness Lemma 

In this section, we use the standard implicit function theorem for smooth maps 
MP MP to obtain the openness of the tentative local charts. We formulate the 
Lemma in a rather abstract manner below and use it concretely in ^J7] for the local 
charts. 

As above and in jJS], we let ^ be a Frechet pre-C*-algebra. We recall, for involutive 
algebras, the reality condition which defines a ^-derivation: 

(20) So{a*) = Soia)* , \faeA. 

We let Der^ be the Lie algebra of continuous ^-derivations of A. 

Definition 3.1. Let A be a Frechet pre-C* -algebra. A continuous * -derivation 
6o G DerA exponentiates iff one has a unique solution, depending continuously on 
{t, a) Cz M X A, of the differential equation: 

(21) dtyit,a)^So{y{t,a)), y{0,a)^a. 

We say that A is expable when any continuous derivation So G DerA exponenti- 
ates. 

We shall show in §[J51 [H that in our context enough derivations exponentiate but 
for clarity of the argument we shall first assume that the algebra A is expable. 
We refer to [T^ §1.3 for the discussion of differentiability in the context of Frechet 
spaces. We just recall that a map y : F ^ G oi Frechet spaces is of class when 
the following directional derivative exists and is a jointly continuous function of 
(a;, h)G Fx F, 

(22) Dyix,h) = lim-iyix + eh)-yix)) 

The map is of class C" when the higher derivatives D''y{x, hi, . . . , hk) which are 
defined by iteration of (|22p exist and are jointly continuous functions for k < n. 
The map is smooth (or of class C°°) iff it is of class C" for all n. 
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Proposition 3.2. One has for any a^h ^ A, 

(23) y{t, ah) = y{t, a)y{t, h) , y{t, a*) = y{t, a)* , y{t, a + b) = y{t, a) + y{t, h) . 

(24) yih +t2,a)^ 2/(^1, 2/(^2, a)) , yit, 5o(a)) = <5o(y(i, a)) • 
Moreover y{t, a) is a smooth function of(t,a) with n-th derivative given by 

(25) D^y{t, a, si, h^,..., s„, h^) = d^iy{t, a)) [] s, + ^ d^-'y{t, h) \{ s, . 

i j^i 

Proof. The two equalities (|23|) and ([24ll follow from the uniqueness of the solution. 
To prove (|25p we consider the Frechet spaces F = M x ^ and G = A and compute 
the first derivative Dy. One has 

y{t + es,a + eh) - y{t, a) = y{t + es, a) - y{t, a) + ey{t + es, h) 

so that 

Dy{t, a, s, h) = s5o{y{t, a)) + y{t, h) 
Since by one has S^{y{t,a)) — y{t,SQ{a)) for all fc, one gets by induction 
on n. □ 

The Taylor expansion at (t, a) is thus of the form 

y{t + s,a + h)^ E('^o a))^' + S^vit, h))s'')/k\ 

Lemma 3.3. Let A be commutative, and a — (a^) be p self-adjoint elements of A. 
Let X be a character of A. Assume that there exits p derivations Sj e DerA such 
that 

• Each 6j exponentiates. 

• The determinant of the matrix xi^ji'^'')) does not vanish. 

Then the image under a of any neighborhood of x in the spectrum Spec(^) of A 
contains a neighborhood of a{x) IR.^. 

Proof. By hypothesis the derivations Sj G Dcr^ can be exponentiated to the corre- 
sponding one parameter groups F^{t) e Aut(yl) of automorphisms of A. Note that 
the flows do not commute pairwise in general. We then define a map h from W 
to Spec(y^) by 

^ = X ° cr , a(t^^...^t^) =Ft\o...o F^ 

which defines a character since F^{t) E Aut(^) by ((23)) . The map h is continuous 
since the topology of Spec(yl) is the weak topology and for any a G A the map 
(ti, . . . ,tp) £ W <''(ti,...,tp) (o) is continuous using Definition 13. II The coordinates 
of the map (j> ~ ao h, from MP to M.^, are given by 

0'=(ii, . . . ,tp) = h{t,, . . . ,tp)(a'=) =xoF^\o...o Flia"") 

The map 

{tu....tp)GW^Fl^o...oFfy) 

is a smooth map from W to A. Indeed the maps (i, a) ^ Fl (a) are smooth, and 
composition of smooth maps are smooth (c/. |16j Theorem 3.6.4), while the above 
map is the composition: 

(26) o (Id X F^) o . . . o (IdP-2 X FP^i) o (IdP-i X FP(a'=)) 

W ' RP-^ xA-^ RP-^ xA — > ... — >RxA-^A 
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Thus the map (p — a o h, obtained by composition with the character x which is 
hnear and continuous and hence smooth, is a smooth map from MP to M^. The 
image of G is a{x)- The partial derivatives at are 

(a,</.'=)(0) = x(<5,(a'=)) 

thus we know from the hypothesis of the lemma, that the Jacobian does not vanish 
at 0. It then follows from the implicit function theorem that the mapping (p = aoh 
maps by a diffeomorphism a suitable neighborhood of to a neighborhood of a{x)- 
In particular the image under a of a neighborhood W oix contains the image under 
of h^^{W) which, since h is continuous, is a neighborhood of e W . This shows 
that the image under a of any neighborhood of x i^i the spectrum Spec(yl) of A 
contains a neighborhood of a{x) in Rp. □ 

The above proof yields the following more precise statement: 

Lemma 3.4. Under the hypothesis of Lemma \3.!A there exists a smooth family 
(Jt G Aut(.4), t G W, a neighborhood Z of x ^ — Spec(^) and a neighborhood 
W of €z MP such that, for any k Cz Z , the map 1 1-^ a{K o a^) is a diffeomorphism, 
depending continuously on k, of W with a neighborhood of a^n) in W . 

Proof. Let as above 

(27) a^,,_t^)=Flo...oFl 

The map which to k € X associates the map -0^ from MP to M^ given by = 
a(K o at) yields by restriction a continuous map X C°° {K,Mp) where is a 
closed ball centered at G R^. Indeed for each j the map t E K i-^ o't(a-') G .4 is 
smooth by ((26)) and thus its partial derivatives d"a-t{a^) are elements of A which 
depend continuously of t. One has 

and thus the partial derivatives of 4'K(t) are continuous functions of {n,t). Since 
the determinant of the jacobian xi^ji'^^)) does not vanish, the result follows from 
the implicit function Theorem (see e.g. |16| Theorem 5.2.3). □ 

4. Jacobian and openness of local charts 

We first briefly recall first the well known properties of multiple commutators which 
we need later. 

Definition 4.1. Let Tj B be elements of a noncommutative algebra B, one lets 

[ri,T2, . . . , r„] = ^ e(CT) ro-(i)T'cr(2) • • - T^^n) 
a 

where a varies through all permutations o/ {1, . . . , n} and e(tj) is its signature. 
We mention the following general properties 

Proposition 4.2. Let Tj E B be elements of a noncommutative algebra B. 
a) For any permutation a o/ {1, . . . , n}, one has 

[Ta{l),Ta{2), ■ ■■ , Ta(n)] = e(a) [T^l, ^2, . .. ,Tn] 
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b) // two of the Tj are equal one has 

[ri,r2,...,T„] = 

c) Let A d B be a commutative subalgebra and A! <Z B its relative commutant 
in B. Let a], e A, G A' . Then, with — X]^fc7j) '^^^ ^'^■^ 

(28) [Ti, T2, . . . , T„] = Dct((4)) [71, 72, . . . , 7n] 

d) The equality psp extends to the case of a rectangular matrix aj^ A as 
follows 

(29) [Ti,T2, . . . ,T„] - ^Det((4(i^))) [71(F), 72 (i^), . . .,jn{F)] 

F 

where the sum is over all subsets F d {1, . . . , m} with jj=F = n, the matrix 
al.{F) is the restriction of a^. to j € F and the "/j{F) are the ^i, i £ F , 
ordered with increasing index in F . 

Proof, a) This follows from e{a o a) = e{a)e{a). 

b) The permutation of the two indices is odd, but does not affect the expression 
which must vanish. 

c) One has 

n 

(30) [Ti, r2, . . . , r„] = ^ n < IjJ 

where, a priori, the (jk) is an arbitrary map from {1, . . . , n} to {1, . . . , n}. By the 
second statement of the lemma, these terms vanish when two of the indices jk are 
equal. Thus one can take the sum over permutations (jk) and one can use the first 
statement of the lemma to rewrite the corresponding term as 

bh , 7i2 > • ■ ■ > 7j„] = e(j) [71 , 72, ■ ■ • , In] 

It follows that 

[Ti, T2, . . . , T„] Det((4)) [71, 72, . . . , 7n] 

d) One decomposes the sum ((30|) according to the range F of the injection j from 
{1, . . . , n} to {1, . . . , m}. □ 

Let us now go back to spectral triples {A, H, D) fulfilling the five conditions of Sj2] 

Lemma 4.3. Let B be the algebra of endomorphisms of Tioo- One has a finite 
decomposition 

(31) [I?,a] =^(5,(a)7,, VaG^, 
where 7^ G B and the Sj are derivations of the form 

(32) S,{a)^t{^,\[D,a]Q, Va e A 
for some G Hoc ■ 

Proof. First [D,a]T-Coc C Hoo using regularity and (fTO|) . Thus the order one condi- 
tion shows that [D,a] G B. One has Hoa = eA", B = eMn{A)e for a self-adjoint 
idempotent e G Mn{A). Thus every element T € B can be written uniquely, as any 
element of Mn{A) in the form 

T — ^ auSki , flfcf G A 
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in terms of the matrix units . The coefficients ake G A are uniquely determined, 
using the elements rjk — eCk G 'Woo where Cfe G A"' is the element all of whose 
components vanish except the k-th one which is equal to 1. Using the yl- valued 
inner product, one has 

(33) akt = iVklTrii) ^ LkeXT) , \fk,£. 
Moreover one has, since T = eTe and the aki commute with e: 

(34) ^ ^ X! (^keeskte . 

One has LktiaT) — aLke(T) for any a ^ A. Applying this to T = [D,b], the 
maps a t-^ Lij{[D,a\) give derivations of A. They are not self-adjoint but can be 
decomposed as linear combinations of self-adjoint derivations, which, using (|34p . 
gives the required formula pip . More precisely, the derivations Sj can be written 
using the y^-valued inner product on Hoc in the form ((5^ for some G Hao 
(with i to ensure self-adjointness). Indeed one obtains ([5^ applying to (|33p the 
polarization identity: 

(35) 2(f|T,7) - ((e + v)m + V)) - im) - iv\Tv) 

-I m + ^v)\T{^ + iv)) - im) - i^vmv)) 

In particular, using Proposition 12. 3i the dj arc continuous. □ 
By hypothesis the cycle c is of the form: 

(36) c = J2<^a, = 51</?)l«)af«(^---(8)af(f) 

where one can assume that the are self-adjoint for /j, > 0. We define the condi- 
tional expectation E_/[ : End^(Hoo) A, using the projections pj of (O, 

(37) EAiT) = J2 -Pj ' = (^''^) ^ eM„(^)e 

j>0 ^ 

using the identification Tioo = eA^ . We obtain a self-adjoint pa £ A giverQ by 

(38) p„ = i?.A(7 E ^(/3)[i^, a^^^^] • • • [i^, a^^")]) • 

/3 

One lets 

(39) C7a={xeX|pc.(a;) = 0} 

and C/q = be its complement i.e. the open set where pa does not vanish. 
Lemma 4.4. T/ie Ua form an open cover of X ~ Spec(,4). 

Each Ua is the disjoint union of the two open subsets corresponding to the sign 
of Pa, 

±Pa{x)>Q, yxeut- 

Proof. It is enough to show that any x X belongs to some Ua. One has ^^{c) ~ 7, 
so that by ([55)1 

a (3 
^there is no 7 in the odd case 
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By ([55)) and the conditional expectation module property Ej\{aT) — a_E^(r), 

._E(p±11 v-^ q 

* ' 2^ < Pa = 1 

a 

and pa{x) 7^ for some a. The second statement follows since pa is a non- vanishing 
real valued function on □ 

We let Sa be the natural continuous map from X to R^' given by 

(40) xGSpec(^)^(x(ai))eMf. 

Lemma 4.5. Assume that derivations of the form (j32p exponentiate. Let x & Ua- 

• There exists p derivations 6j S £'er(^) swc/i i/iai x(Det(((5j(aJ^)))) 7^ 

• T/ie map /rom to is open. 

• There exists a smooth family at € Aut(^), t € R'', a neighborhood Z of x 
in X = Spec(^) and a neighborhood WofO€ R^ such that, for any k Cz Z, 
the o at) is a diffeomorphism, depending continuously on k, 
of W with a neighborhood of a{K) in Rp. 

Proof. We let, as above, B be the algebra of endomorphisms of the ^-module TCoo- 
It contains A C B as a subalgebra of its center. By Lemma l473l one has derivations 
dj G Der(^) of the form ([5^ . such that the formula (|3ip holds: 

m 

1 

By hypothesis we have Paix) 7^ 0- Thus, the following endomorphism of the A- 
niodule Tioo does not vanish, 

[[D, all [D, al],..., [D, al]]{x) 7^ , Vx € (7„ ■ 

It thus follows, from of proposition 221 that for x G C^q one can find p elements 
5j S Der(^) among the above Sj such that: 

(41) x(Det((^,(a^)))),^0. 

Now let V C Ua he open. To show that Sa{V) is open one needs to show that, for 
any x S Sa{V) contains a neighborhood of Sa{x)- But is a neighborhood of x 
in Spec(yl) and the hypothesis of Lemma [3.31 is fulfilled so that this lemma shows 
that Sa{V) contains a neighborhood of Sq(x)- The third statement follows from 
Lemma 13.41 □ 



5. DiSSIPATIVE DERIVATIONS 

We assumed in the above discussion that the algebra A is expable. It is of course 
desirable to remove this hypothesis, and this will be done in this section and the next 
one. We need a form of existence and uniqueness for solutions of linear differential 
equations with values in a Frechet space E. Simple examples show that in that 
generality one has neither existence nor uniqueness. For failure of existence just let 
A = C°°([0, 1]), So = dx- For failure of uniqueness, let E be the space of sequences 
S E for n > 1 and take the shift operator 5, then the equation 



dtX = Sx , {Sx)n = Xn+l , 
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Figure 1. The mcLp Sa from X to Xa 

has no uniqueness of solutions. Indeed we can take for xi{t) any smooth function 
which is fiat at i = 0, i.e. dj^xi{0) = 0, and then define by induction Xn+i{t) = 
dtXn(t) so that dtx = Sx holds and the initial condition x(0) = does not imply 
uniqueness. 

In our case we need to know that any derivation S G DciA can be exponentiated, 
i.e. that one has existence and uniqueness for the differential equation 

It is only the compactness of X that ensures this, and also the fact that one is 
dealing with a real vector field. This means that we first need to make sure that 
the derivation exponentiates at the level of the C*-algebra as discussed in [2j. 
One step towards this would be to show directly the following corollary of expability: 

Lemma 5.1. Assume that the derivations of the form the form (|32P exponentiate, 
then, for any h — h* G A, the commutator [D, h] vanishes wherQ h reaches its 
maximum. Conversely if this property holds the derivations ±Sj of the form (j32[) 
are dissipative (cf. [2], Definition 1.4-.6), i.e. 

(42) ||a; + A(5j(x)|| > ||.t|| , VxGyt, AeR. 

Proof. One has, by pTjl . [D^h] — J^^jW^j where 6j G Dei A. Thus it is enough 
to show that Sj{h){x) = where h = h* Cz A reaches its maximum at x- This 
follows from the existence of e*''^ S Aut(^) using the differentiable function f{t) = 
x(e*''^(/i)) which has a maximum at i = and hence vanishing derivative. 
Conversely, the derivations 6j are of the form ((32)) i.e. 6j{h) = i{(^\[D , h]^) . Thus 
the vanishing of [D,h]{x) where h = h* € A reaches its maximum, ensures that 
^jWix) = /i](x)C(x)) — also vanishes. Thus one has 

\\h + XSj{h)\\ > \\h\\ , yh = h* e A, XeR, 



'^This makes sense since [D, h] commutes with h 
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since for a character x oi A with x(i^) — II ''■ll one has x(±(^ + AJj (/i))) = \\h\\. In 
the complex case i.e. for an arbitrary x (z A, let V' be a state on A Z) A, such that 
|V'(a;)| = ||x||. Replacing x i-^ ux for u € C, |u| = 1, one can assume that ip{x) > 0. 
Then writing x = h + ik with h = h* and fc = fc*, one has ip{x) = ip{h) = \\h\\ so 
that ^{6j{h)) = from the above discussion. Then one has, for A € K, 

ip{x + XSj{x)) = ^p{h) + iXij{5j{k)) 

and \i}{x + \5j{x))\ > V(^) = ||a;||. □ 

Note that the conimutativity of [D, /i] with h and the self-adjointness of D do not 
suffice to entail the conclusion of Lemma 15.11 This can be seen with the following 
spectral triple: 

9. 



-5, 



(43) A = C°°{[Q,l]), 7i = i^[0,l])®C^ D = 
with the boundary condition 

(44) Domi? = = (I ) I a(0) = , 6(1) = 0} . 
For any h€ A one has [D,h] = dxh'fi, 

so that [D, h\ commutes with h. For h{x) — x the maximum is at a: = 1 and [D, h] 
does not vanish there. This example shows that the hypothesis of expability of the 
algebra A appears at first sight as essential. However, in this example, condition 5 
fails since the boundary condition ()44p does not yield a finite projective submodule 
of C°°([0,1]) ® C2 over A = C°°([0,1]). Also = d^h-^ does not preserve 

the domain of D which is the same as the domain of |I?| thus regularity Jails. 
Orientability also fails in this example. We shall now show that regularity allows 
in fact to obtain the required dissipativity. 

Let us consider the one parameter group of automorphisms of C{Ti.) given by 

(45) at{T) = e"-°Te-"-° , Vt G R 

Lemma 5.2. Let T preserve DomD and [D,T] be bounded. Then the function 
t at{T) is norm continuous, 

(46) \\a,{T) ~ at{T)\\ < \s ^ t\\\[D,T]\\ 
and when s the difference quotient 

(47) as{T)^T T^^^j^^^j)^^ 

converges to i[D,T] in the strong topology. 

Proof. Let ^ e Dom_D. Then ^(e*'*'^ — 1)^ iD^ (in norm) when s ^ 0. Thus 
using 

-(e'^^Te-'"'^ - T)£_ = -e'^^Tle-''^ - 1)^ + -(e''" - 1)T^ 
s s s 

one gets that (in norm) when s — > 



-{e'^^Te-'"'^ - T)£_ ^ i[D, T]^ 
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Thus 1 1-> at{T)S. is of class Its derivative is 1 1-> iat{[D, T])^. Thus 
(48) [a,{T)^at{T))^^i ( a^{[D,T])^du 



holds for all ^ € Doml? and hence all ^ £ 7i since the map u ^ au([£',T])^ is 
continuous, as follows from the continuity of s i-^ e'^^^r] for any t] G Ti,. Both 
statements follow. □ 

We can now consider the C*-algebra C generated by the as{h) for h = h* E A 
as above. It is norm separable and the as G Aut(C) form a norm continuous one 
parameter group. To try and prove that [D, h] vanishes where h = h* > reaches 
its maximum, one considers a state on C such that (j){h) = It is obtained by 
extension using the inclusion C* (h) C C. The function 

is a Lipschitz function and reaches its maximum: \\h\\ at s = 0. Thus if one could 
assert that the derivative at s = is given by (l){[D, h]), one would get the vanishing 
4>{[D, h]) — 0. The problem is that a„([D, h]) is not in general a norm continuous 
function of u and thus the differentiability only holds in the strong topology but 
not in the norm topology. 

Things are easier with \D\ since the regularity conditions ensures that the map 

(49) t^7((a) =e'*l^lae~**l^l 

is in fact of class C°° in the norm topology (c/. Lemma FlS.SI of ifT5)) . Moreover the 
following Lemma shows that it is enough to show the vanishing of [[-D^, a], b] at x 
for all 6 e ^ to get the vanishing of [D, a] at x- 

Lemma 5.3. Let h = h* E A and x G Spec(y^). // [[Z?^, /i], /i] vanishes at x then 
[D, h] vanishes at x- 

Proof. 

(50) [[D^,h],h]^2[D,hf 

using the order one condition. □ 

Note that ([50]) shows that [D,h]'^ and hence only depends upon and 

hence \D\ and not upon the phase of the polar decomposition of D. This comes 
from the order one condition. Moreover one has the following vanishing of [jZ?!, ft,] 
where h ~ h* E A reaches its maximum. 

Lemma 5.4. For any h ^ h* E A, h > 0, reaching its maximum at x ^ Spec(^) 

and any sequence bn E A, \\bn\\ <\, with support tending to {x}, one has 

(51) \K[\D\MK\\^Q 

Proof. Let ^„ EH. he unit vectors with support tending to {x}- Then consider any 
limit state on C{TL): 

(52) 77(T)-lim(4„T4,) 

One has ri(h) — h(x) since ft, is a continuous function on X — Spec(^). Thus 
rj{h) = \\h\\. When applied to \D\ instead of D, Lemma H51 shows that both 7s(ft) 
and "fs{6{h)) are Lipschitz functions of s, while 

(53) ls{h) -h ^1 I" ^ .^^^^ 
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so that 7s (ft.) is of class in norm. It follows that the function s i-^ ?7(7i(/i)) 
is of class C^. It is maximal for s — and hence its derivative vanishes so that 
7]{S{h)) = 0. Thus 

(54) lim(^„,<5(/i)40 =0 

UJ 

and this continues to hold for any bounded sequence & Ti with support tending 
to {x}- Now, let bn be as in the Lemma, then if ([5T|) does not hold, one can find 
a subsequence with /i]6„^ || > e > for all k. Using polarization 

one gets unit vectors £ 7i such that 

\{^lb:jD\,h]bn,Q\>e' >0 

which contradicts for ^j. = feufcCfc- ^ 

We shall use the analogue in our context of the notion of symbol for pseudodiffer- 
ential operators. The symbol of T can be viewed as a weak limit of the conjugate 
operators of the form 

where the integer k is the order of T. For instance the symbol of D is given by 
—i[D,(j3\ since the order one condition gives 

(55) e^'^'De-'^''' = -i[D,(j)]+T-^ D 
One expects the symbol of to be of the form 

(56) lim l-e'^'>'D^e-'^'''£. = -[D, 0]^^ , G DomD^ 

r^oo T 

This is obtained by squaring ([55]) but one needs to know that DomD is invariant 
under [D, (j>] to control the term D[D,(f)]. This is insured by regularity. 

Remark 5.5. In the example (HS)) considered above, [D, (j>] does not map DomD^ 
to Dom_D so that D [D, cj)]^ does not make sense in that case. In fact regularity 
fails, and DomZ)^ is not invariant under 0, unless [-D, (j)] vanishes on the boundary. 
To see this note that the boundary condition for is 

(57) ^ = ( I ) eDomD^ ^^i{Q) = 0, 9,6(0) = 0, ^(1) = , 9,^1(1) = . 

which contains the Neumann condition 8x^2(0) ~ while ^(0) is arbitrary. Thus 
5x0^2(0) = 9a;0(O)6(O) vanishes only when dx<p{0) = 0. 

In the case of an operator of order there is no power of r and one deals with a 
bounded family so that one can expect the limit to be a weak limit. We need to 
guess the symbol of [\D\, h]. We expect that if we choose 4> = h, this symbol will just 
be i\[D, h]\ e Ends'. The symbol of [D^, h] is (using [D^, h] = D[D, h] + [D, h]D) 

(58) e'^'l'[D'', h]e~"^ = -{{[D, (f>][D, h] + [D, h][D, 0]) + r'^ [D^,h] 

To see why we should expect the symbol of [\D\, h] for <j) = h to just be i\[D, h]\ we 
have: 

Lemma 5.6. Assume that when r — > 00 the following limit holds in the strong 
topology: 

lim e"''[\D\,h]e-'^'' = T. 

T— *-00 
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Then one has, with strong convergence on Doni_D; 

lim e"^\D\e'"'' = -iT . 

T — *00 

Proof. One defines a one parameter group /3„ of automorphisms: 

(59) /3„(r) = e^^'^Fe-™'' 

One has, at the formal level, ^/3u(^) = —^Pu{[Y,h]). Taking Y — \D\ one gets, 
with the notations of the Lemma, and using regularity 

(60) e™''[|D|,/i]e-™''^ = »-^/?„(|D|)e, y^eDom\D\ 

au 

which gives 

(61) / e*"'^[|D|,/i]e-™''Crfu = «(/3r(|^|)- li'De, G Dom|D| 
Jo 

Note that this equality continues to hold for any £^ G H since /?t(|-D|) — \D\ is 
a bounded operator. Now e™''[|D|, /i]e~™'' is uniformly bounded and converges 
strongly by hypothesis to T. Thus one has, for the Cesaro mean: 

lim / e'''^[\D\,h]e~'''^^du = T^, V^, E H 

which gives the result since one controls t^^ \D\£, for ^ G DomD. □ 

Moreover we expect the symbol map to be a morphism so that the symbol of jZ?! 
is given by the absolute value of the symbol of 13 i.e. by |[Z3, In fact we do not 
need to prove the converse of Lemma 15.61 since we can use the regularization by 
Cesaro mean to compose the states 77, with weak limits of Cr{T), 



(62) Cr{T) = T-' f l3u{T)du 

JQ 

Lemma 5.7. With h as above one has 

(1) Cr is a completely positive map from C{TL) to itself and Cr(l) = 1 

(2) Cr[aTb) = aCr{T)b for all a,b e A. 

(3) Cri[\Dlh]) = ^ {e"'^\D\e-^^'^ - \D\) 

Proof. The first two statements follow from (p^ using the commutativity of A to 
get PuiaTb) = aPu(T)b. The last statement follows from □ 

We can then compose the vector states (^„, • used in the construction of r/ ([5^ 
with Cr„ to replace [\D\, h] by i\[D, h]\. 

Thus we need to determine the principal symbol of \D\. The intuitive idea is as 
follows: one has 

(63) pr{D) = e'^'^De-"'' = D- iT[D, h] 

since h commutes with [D, h] so that [D, f{h)] = f'{h)[D, h] for / smooth (c/. 17, ). 
Thus, by homogeneity of the absolute value, 

(64) -p^(\D\) = -e'^''\D\e-'^'' = \—-i[D,h]\, Vt > 

T T T 

We need the weak limit in H for t ^ cx3 of ^I3t{\D\)^ for ^ G DomI3. These vectors 
are bounded in norm as follows from 

(65) \\-(3r{\Dm = \\\eD-i[D,hm\ = \\{eD-i[D,hm, e = 1/r 

r 
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which is bounded since ^ £ DomD so that He-D^H — > 0. Note also that ^f3T-{\D\) is 
a positive operator so that any weak hmit r/ of ^l3r{\D\)£^ fulfiUs rj) > 0. 
Let us now show how to use regularity to obtain the strong convergence of 

(66) -f3ri\m=\^D-i[D,h]\^ 

T 

when e and ^ G DomD. By (|65p we can assume that ^ e Tioo- We let 
X{e) = eD — i[D, h]. By it is a self-adjoint operator with Hoo as a core since 
Hoo is invariant under e*'^''. The same holds for |X(e)|. 

Lemma 5.8. One has, with X{e) = eD — i[D, h], 

(67) \X{e)\^Yie) + MX{e)) 
where 

(68) / 1^ 2 1Vm2 ^^"' VeeDomT^ 
TT 7o 1 + + X(e)^ 

and 

(69) /o(a;) = l^l -x2(l + x2)-i/2^ Va; e M 

Proof. For any self-adjoint operator r one has ||(1 -|- u'^ -|- T^)^^ || < (l + u^)^^ and 
the norm convergent expression 

Q , j,2x-i/2^2 /-"^ 1 



TT 

which gives for any ^ e DomT, 



TT Jo 1 + + i"' 



Note that the partial sums 

T 



■ du 



1 + 1*2 + T2 

are uniformly bounded but do not converge in norm to T(l + T^)"'^/^ since the 
function x(l -|- x^)~^^'^ does not vanish at oo. Thus we get strong convergence 
on DomT. This applies to X{e) which is, up to a scale factor, conjugate to D 
by an automorphism of DomI? so that ((68|) holds with Y{e) = f{X{e)), f{x) — 
a;2(l -f x2)-i/2. Finally one has /o G Co(M) and f{x) -f /o(a;) = |a;|. □ 

For each A > we define a transformation on operators acting in Tioo by 

(70) 9x{T) = {D'^ + X)T{D^ ^X)-^ 
Lemma 5.9. Let h = h* £ A, there exists A < oo such that 

(71) \\e,iii + u^ + xiof)-')\\<i^ + uY\ yu. 

Proof. Let ^ € Hoo and let us give a lower bound for ||0a(1 + + ^(0)^)^11- Using 

(72) OxiT) = T +[D^,T]{D^ + 
we get 

(73) 0\{X{Of) = X{Of - [D^, [D, (D^ + X)-^ 

Now the regularity shows (c/. i}T3)) that [D^, [D, h]'^]{D'^ + A)^^ is compact so that 
for A ^ oo its norm goes to (in fact it is of the form B\{D^ + A)^^/^ with the 
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norm of Bx bounded, so its norm decays like A ^/^). Thus we can choose A large 
enough so that Z = 0x{X{O)^) - ^(O)^ fulfills \\Z\\ < 1/2. We then get 

(using X(0)2 = -[D, /i]2 > 0) so that 

(74) \\9x{l+u' + X{0f)^\\>{^+u')m, 

It remains to show that 9\{l + u^ +X{0)'^) is invertible as an operator acting in Tioo- 
Since + A is an automorphism of Tioo, it is enough to show that 1 + + X{0)^ 
is invertible as an operator acting in Hoo- One has X{0)^ = —[D,h]'^ > so that 
1 + + X(0)^ is invertible as an operator in Ti. Its invertibility in T-C°° follows from 
the stability under smooth functional calculus (Proposition 12. 4|) of the algebra 

{T e CiH) I THoo C Hoo , ||^"(r)|| < oo , Vm} 

and the fact that, by regularity, [D, h] belongs to this algebra. □ 

Lemma 5.10. Let h ~ h* ^ A, then when e — > 0, 

(75) Y{e)^^Ym, VeeTioo 
Proof. One has for the action on Tioo, 

X{ef = [eD - i[D, h]f = e^D^ - ie{D[D, h] + [D, h]D) - [D, hf 

= e^D^ - ie[D^,h] - [D,h]^ 
We first estimate, for ^ e Tioo, 

f . ^ ( Xjef ^(0)^ 



One has 



1 + 7/2 

(e2^2 _ .^[^2^ ;^])(^2 ^ \)-^ex{{l + u^+ X{Qf)-^){D^ + A)e 



l + u2 + X(e)2 
Now one has, using regularity, 

\\{e^D^ - ie[D\h]){D^ + \)-^\\ = k{e) - 0(e) 

while, since X(e) is self-adjoint, 

H ^ + "' II <i 

"l + M2+X(e)2ll - 

Moreover (D2 + A)^ € Tioo C Ti. By Lemma ISTOl for A large enough, one thus gets 

\\9x{{i+u^+xiof)-')iD' + x)a < il+u')-'\\{D^ + x)a, y^- 
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Thus after integrating in u we get the foUowing estimate 

2 r°° 1 

\me) - YiOm < - / fc(e)(- + uY'UD' + AK^u = 0{e) 
Jo ^ 

which gives the required result. □ 

It remains to estimate the continuity for e — > of fo{X{e))£^. The above proof shows 
that for ga{x) = (a + x^)~^ and any a > one has the norm continuity of ga{X{e))^ 
when e ^ (we showed convergence only for ^ g Tioo but it holds in general using 
the boundedness of the functions ga)- The even functions in / e Co(M) for which 
the following holds 

(76) ||/(X(e)K-/(X(o))c||->o, y^en 

form a norm closed subalgebra of Co(M)'^™". This algebra contains the functions 
ga, thus the Stone- Weierstrass Theorem shows that (l76t holds for all / S Co(M)°™" 
and in particular for /q. We thus get: 

Proposition 5.11. Let h ^ h* Cz A, then one has, with norm convergence: 

(77) lim T-^e"'''\D\e-"^^ = \ [D,h]\^, G DomD . 



Proof. By ((66|) we just need to show that |X(e)|^ \X{0)\£, when e ^ for any 
^eUoo- By dSZl) \X{e)\^Y{e) + fo{X{e)). By LemmaEHwe have ^(e)^ ^ y(0)C 
for ^ e Hoc, and by the above discussion fo{X{e))S, is continuous at e = 0. Thus 
we get the required result for ^ G Hoo- The general case <^ G DomZ3 follows using 
(EH). □ 

Remark 5.12. Proposition 15.111 shows that, under the regularity hypothesis, 

(78) [\[D,h]l[D,a]]^0, \/h^h*,aeA. 

Indeed one has 

[e'^^\D\e~"'' , [D, a]] = e'''^[\Dl [D, a]]e~"'' 

and the norm of [|D|,[L»,a]] is finite so that T-^\\[e'^''\D\e-''''',[D,a]]\\ for 
r ^ oo. Thus one has 



lim {e'^''\D\e-"''[D,a]^ - [D,ay^''\D\e-'^''^) = 0, £ DomD , 

and, since [D^a] preserves DomD, 

[\[D,h]l[D,a]]^ = 0, y^eBomD. 

Note also that, by the same argument, under the strong regularity hypothesis of 
Definition |6JJ below, this shows that 



(79) [D,hfeA, yh = h*eA. 

Indeed |[-D,/i]| then commutes with all endomorphisms of Hoo- Its square [D,h]^, 
being itself an endomorphism, belongs to the center of End^(7ioo) and is, by ([9]), 
an element of A. 

We can now show that regularity suffices to ensure the dissipative property of 
Lemma 15.11 
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Theorem 5.13. Let (A^Ti^D) be a regular spectral triple with A commutative 
fulfilling the order one condition. Then for any h — h* G A. the commutator [D, h] 
vanishes where h reaches its maximum, i.e. for any seguence bn € A, \\bn\\ < 1, 
with support tending to {x}, where x is a character such that |x(^)l maximum, 
one has 

\\[D,h]b4^0. 

Proof. By Proposition 15.111 combined with the third statement of Lemma 15.71 one 
has, first for ^ e DomI? and then by uniformity for all G H, 

lim Cr{[\D\,h])^^ lim -{e^-''\D\e-'-''^-\D\0^i\[D,h]\^ 

r — *-oo r — *oo T 

and thus the Ci-([|£'|, /i]) converge strongly to i| [13, /i] | when r ^ oo. By the second 
statement of Lemma 15.71 one has 

(80) Cr{b*^[\D\,h]bn)^b';,Cr{[\D\,h])bn 

Thus fixing n and taking the limit for r — > oo one gets 

(81) CAb:[\Dlh]br,)^tb*J[D,h]\b„ 
One thus gets 

(82) \K\[D,h]\bJ < \K[\D\,h]bJ 



But Lemma [5.41 shows that [|Z3|, /i]6„|| when n — > cx) which gives the re- 
quired result. Moreover, since \ [D, h]\ commutes with the bn this can be formulated 
as\\[D,h]bn\\^0. □ 

Corollary 5.14. Let {A,7i,D) be a spectral triple with A commutative fulfilling 
the five conditions of ^ The derivations ±dj of Lemma \4.3\ are dissipative. 



Proof. This follows from Theorem 15.131 and Lemma 15.11 □ 

Corollary 5.15. Let h = h* E A. The principal symbol of the operator 

(83) Grad(/i) = [L>2,/i] 
vanishes where h reaches its maximum. 

Proof. One has [D^, h] — D[D, h] + [D, h]D and since [D, h] commutes with A one 
gets the principal symbol of [D^, h] from that of D which gives 

(84) lim -e"'''[D^,h]e'^^ = -i{[D,(l>][D,h] + [D,h][D,(l)]) 

T — ^oo T 

Thus the result follows from Theorem 15. 131 □ 



6. Self-adjointness and derivations 

We now introduce a technical hypothesis which will play an important role. 

Definition 6.1. A spectral triple is strongly regular when all endomorphisms of 
the A-module Tioa are regular. 

Our goal is to obtain self-adjoint operators from the operator D, in the form A* DA 
where A is regular i.e. belongs to the domains of (5™ for all m. 
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Lemma 6.2. Let A be regular, then AT)on\D C DomD and the adjoint of A*D is 
the closure of the densely defined operator T 

(85) DoniT = DomZ) , T£, ^ D{A^) , G DomD 

Proof. By regularity both A and A* preserve the domain Dom|_D| = DomZ? so that 
([55)1 makes sense. The domain of A*D is the domain of D. An rj ^ H belongs to 
the domain of the adjoint S = {A*D)* when there exists a constant C < oo such 
that 

(86) \{A*Dtv)\<Cm\, VeeDomi? 

One has {A*D^,t]) = {D£_,Arj) and, since D is self-adjoint, the above condition 
means that Arj £ DomI?. Moreover one then has Srj = DArj. In other words 
S — DA with domain 

(87) Boms' = {?/ 1 Ai] e DomZ)} , SS, = D{AS,) , G DomS 

To prove the Lemma we need to show that S is the closure of the operator T of 
([85|l . Let Tj G DomS". We construct a sequence rjn E DomZ3 such that 

(88) Vn^V, DArin^DAi^ 
In fact we let 

(89) ?7(e) = (l + e|D|)-i7y, Ve > . 

It belongs to DomD by construction and 77(e) — > 77 when e ^ 0. One has 

DAi^{e) = D{1 + e\D\)-^ATj + eD{l + e|i?|)-i[|Z?|, A](l + e\D\)-^r^ 

Since Ary e DomD one has £1(1 + e\D\)-'^Ari = (1 + e\D\)-^DAT^ DAt]. The 
remainder is of the form i?(e)[|L'|, A]ri{e) where B{e) — eD{l + e\D\)^^ is of norm 
less than 1, [|_D|,^] is bounded and 77(e) rj. Thus it behaves like i3(e)[|£'|, v4]77 
and hence tends to when e ^ 0, since B{e)( for any C, E H. This shows that 
DAri{e) DArj and S is the closure of T. □ 

Corollary 6.3. Let (p — ip* E A then the operator H = LpDip with domain DomZ? 
is essentially self-adjoint. 

Proof. One has H = ip'^D + Lp[D,ip] on DomD. The bounded perturbation P — 
(p[D, (fi] does not alter the domain of the adjoint H* which is thus the same as 
the domain of Hq, Hq = tp^D. By Lemma [6.21 the adjoint of Hq is the closure of 
D(pP with domain DomZ?. This is the same as the closure of ipDip + [£), if\tf with 
domain Dom_D. Since \D^tp\tf is bounded we thus get that the adjoint of Hq 
is the sum of the closure of ipDip with domain DomZ^ with the bounded operator 
[D,ip\{p. Thus when adding P* = -~[D,^p\^p to JZq we obtain the closure of ^pDip 
with domain DomZ), i.e. the operator ZZ. □ 

Lemma 6.4. Let A he regular. Then A* D is closable and 

• For any ^ in the domain of the closure A*D of A* D , one has, for e > 0, 

(90) {l + e\D\)-^7^^ = A*D{l + e\D\)-^i~{l + e\D\)-^[\DlA*]eDil + e\D\y^^ 

• The domain of A* D is the set of ^ E Ji for which the A*D{\ + e|Z)|)^^^ 
converge in norm for e — > 0. 

• The limit of the A*D{1 + e|Z?|)-i^ gives A*D^. 
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Proof. The operator A*D is closable since its adjoint is densely defined by Lemma 
The right hand side of (|90p is a bounded operator, thus it is enough to prove 



the equahty for ^ G DomI? since A*D is the closure of its restriction to DomD. For 
5 e BomD (HOI) follows from 

[(1 + e\D\)-\A*] = -(1 + e\D\)-'[e\D\,A*]{l + e\D\)-' . 

Let then ^ be in the domain of the closure A*D. By ([90|), + e|D|)"i^ is the 

sum of (1 + e\D\)-^A^£, AHJ^, and of (1 + e\D\y^[\D\, A*]eD{l + e\D\)~^^ 
which converges to in norm since (1 + e|Z?|)~^[|Z?|, ^*] is uniformly bounded while 
e£'(l + e|D|)~^^ converges to in norm. Thus A* D{l + e\D\)^^£^ is convergent when 
e ^ 0. Conversely, if the A*D{1 + e\D\)~^^ converge in norm for e ^ 0, then since 
(1 + e\D\)-^^ ^ and (1 + e\D\)-^^ € DomZ?, one gets that ^ is in the domain 
of the closure A*D of A*D and that moreover the limit of the + e|i:»|)"i$ 

gives A*D£,. □ 

Proposition 6.5. Let A be regular then the operator H = A*DA with domain 
DomZ? is essentially self-adjoint. The domain of the closure of H is the set of 
^ G Tl for which the A*DA{1 + e|_D|)~^^ converge in norm for e 0. The limit of 
the A*DA{1 + €\D\)~^^ gives H^. 

Proof. Let us first check that H is symmetric. One has for ^ and rj in DomD, 

{m,7^) = {A*DA^,fj) - {DAtAr^) - {A^,DAr^) ^ {^,A*DA7^) = {^Hr^) 

Let us now show that H* is the closure of H. Let 77 e DomiZ*. Then there exists 
C < 00 with 

\{A*DA^,Tj)\<CU\\, y^eBouiD. 

Since {A*DA£^, rf) — {DA£^, Arj), this means that Arj is in the domain of the adjoint 
of DA with domain DouiD i.e. 

Arj e DomT* , H*r] = T*Ar] 

where T is defined in ([85|) . By Lemma [6.21 the adjoint of A*D is the closure of T: 
{A*D)* — T. The adjoint T* of T is the same as the adjoint of the closure T, and 



is the closure A*D = {A*D)** of A*D. Thus by Lemma [63 we have, since Arj is 
in the domain of A*D, the convergence of A* 0(1 + e|D|)-iAr/ to A*DAr} = H*r]. 
Moreover, as above, we have 

A*D{l + e\D\)-^AT^-A*DA{l+e\D\)-^7^^-A*eD{l + e\D\)-^[\DlA]{l + e\D\)-^r] 

and the right hand side converges to in norm when e ^ 0. Thus we have shown 
that for any 77 S DomiZ* one gets the convergence of A*DA{1 + e|_D|)~^?7 to H*ri. 
This shows, since (1 + e\D\)~^ri G DomH, that H* is the closure of H and hence 
that H is essentially self- adjoint. It also gives a characterization of the domain of 
the closure of H as required. □ 

We now want to apply this result using endomorphisms of the y^-module Tioo which 
are of rank one, in order to obtain an operator on A itself. 

Lemma 6.6. Let ^, 77 G Tioo then the following gives an endomorphism of the 
A-module Tlao ■ 

(91) T^AO^ivm, VCeHoo 
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where (ri\() is the A-valued inner product. One has 

(92) Ta^.b^^ab*T^,^, ya,beA, Tl^^Tr,,^ 

Proof. This follows from the y^-linearity of the inner product, which is linear in the 
second variable and antilinear in the first. The equality T^^^ = T,j^j follows from 



(T,,5a,/3) = ((e|a)77,/3) - j {i\ay {i^\p)d\ 
{a,T^,,(3) = {a, (r;|/3)0 - / {a\0{v\P)dX 



□ 

By Proposition 12.31 (4), the are bounded operators in H. Let us now assume 
that all endomorphisms of the .4-module Hoc are regular as in Definition 16. II We 
can then apply Proposition 16.51 and get that the following defines an essentially 
self-adjoint operator with domain DomZ), 

(93) D^^^ = T,,,^DT^^^ 

We need to relate this operator with the derivation of A given by (|32p i.e. 

(94) 5o{a)=imD,a]0, Va G ^ 
Lemma 6.7. One has 

(95) D^,,,c = -i5M0)v + {s.\mTr,..vC. ytvx&noo 

The operator V.q{a) — arj, \/a ^ A extends to a hounded linear map Vri from 
L^{X,dX) to Ti, and one has 

(96) v;v,, = [iM , v,,v; = r,^ , , v; (c) = (?7lC) , vc e 

Proof. One has Z?e,„C - Tr,^^DT^,^Q = T,,^^ i?((7?|C)0- Thus using [D,a]i) = 
— z(5o(a) and (^jaZ?^)?? = {i,\Di)arj for a = {ri\C,) one gets 

^C.,C = (el^<)'? = mD.a]£,)^ + {i\mav = -^ml\o)v + {s.\mTn.nC 

which gives To show that V^, is bounded, note that 



(K,(a),K,(a)) = {aT^,aii) = j-a*a{rj\Tj)\D\-P = J a*air,\rj)dX 
which also shows that V*Vtj = (vlv)- Let us check that V*{() = {t]\(). One has 
iCV.ia)) = (Car;) = J aiC\rj)d\ = J (r;|C)*arfA = {V;iO,a) 

The equality = T^,^ follows from (HI]). □ 

The strategy now is to use the self-adjointness of D^^ ^ and the fact that Sq can be 
compared to iD^^rj plus a bounded perturbation to show that the resolvent problem 
(1 + e(5o)^ = 77 can be solved first in L^. Then one wants to use the regularity to 
show that this problem can also be solved in the Sobolev spaces. Finally one wants 
to use the Sobolev estimates to show that it can be solved in the C* norm. Then 
together with the results on dissipative derivations of S|5] one gets the existence of 
the resolvent for the action on the C*-algebra. One notes that it is enough to 
solve the resolvent problem for e small enough. One then applies the Hille-Yoshida 
Theorem. 
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More specifically we consider the equation 

(97) {l + te{D^,,~{^\DOT„,,yK = av 

where a G is given and e can be taken as small as needed. Given a solution C 
of (|97[) . one can under suitable regularity conditions on ^ take the inner product 
(?7|C) — b. One then has, at the formal level 

(98) b + eSo{b){v\v)^a{v\v) 

We can assume that the support of ^ is small enough so that we can find rj such 
that (?7|?7) = 1 in a neighborhood of the support K of f . Then by ((94)) one gets that 
since Sq vanishes outside K, one can replace (5o(&)(?7|?/) in (|98p by So{b). Moreover 
one then gets 

(99) c + e6o{c)=a, c = b + {1 - {r]\r]))a 

since (1 — (ri\r]))a belongs to the kernel of Sq since its support is disjoint from K. 
We need to know that c G A where A — C{X) is the norm closure of A and in fact 
also that [D, c] is bounded, just to formulate the result. Thus we need to control 
the Sobolev norms of the solution of (|97p . To do that we use the transformation 
6'a of (HDD. One has, asin^, 

(100) 0xiT)=T + £x{T), £x{T) = [D^,T]{D^ + X)-^ 

so that the binomial formula expresses (T) in terms of the £x{T) for k < N, as 



' N 
k 



(101) e^{T)=T + Y,[ I ]£l{T) 

k>l 

Note also that, for T regular, and on DomD one has 

(102) [D'^,T]^25{T)\D\+5'^{T) 

as follows from [D^,T] = [\D\^,T] = d{T)\D\ + \D\d{T) = 2S{T)\D\ + S^{T). 
Lemma 6.8. Let T be regular. 

1 ) The £^ (T) are compact operators for k > and converge in norm to when 
A — > oo. 

2) One has (with X>1) 

(103) \\£x{T)D\\<2\\S{T)\\ + \\6^{T)\\, \\D£x{T)\\ < 2\\d{T)\\+3\\d\T)\\ + \\6'iT)\\ 

3) For k > 1, the operators D£^{T) and £^{T)D are compact operators which 
converge in norm to when A — > oo. 

Proof. 1) One has, using p00| and (fT02| . that 

(104) £xiT) = i2SiT)\D\ + 6^iT))iD^ + Xy^ 

Thus the answer follows for fc = 1 since both {D^ + A)^^ and |Z?|(Z?^ + A)~^ are 
compact operators which converge in norm to when X ^ oo. Since £\{T) is also 
regular it follows also for fc > 1. 

2) The first inequality of (|103p follows from (I104|) . For the second, one has 

[\D\,£x{T)]=£x{5{T)) 

which gives (jlOSp using, 

\\D£x{T)\\<\\£x{T)\D\\\ + \\£x{5{T))\\ 
and the second inequality follows using the first and (|104p . 
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3) The statement is immediate for £^{T)D since \D\{D'^ + ^) ^ is compact. For 
the second one uses [\D\,£^{T)] = £^{6{T)) as in the proof of 2). □ 

Lemma 6.9. 1) For any integer N € N, there exists A < oo and ep > such that 
the following operator with domain DoniZ? is closable and invertible in TL for any 
e < eo, 

(105) e^{l+ieS^^,,) , S^,^ = D^^., - i^\DC)T^,^ 
and the norm of its inverse fulfills 

(106) ||«(l + ze%^))-i|| < l + iVc5,^e, 
where < oo only depends on ^ and rj. 

2) For any integer N there exists e^v > such that (|97p can be solved in ~ 
Dom|D|^. 

Proof. The operator P = i£,\D£,)'^v,v bounded and regular since it is an endo- 
morphism of the .A-module Tioo- Thus it preserves the domain of {D^ + A)^ and 
the £^ (P) are compact operators for fc > and converge in norm to when A — > oo 
by Lemma EH By one has Z?j, n — -^ij. 5 ^ ^5, ») thus, by regularity of the T^.rj, 
the operator 

is well defined on DomZ3. Moreover one has, by (|10ip . and on DomI?, 

o^iDc,) = o^{T,.,,)e^{D)e^{T,,,) = E ( fc ) ^'iT,,,)D ^ ) £Tm.,) 

so that one gets 

(107) e^iD^.^) = D^^^ + N£xiT^,dDT^.v + NT^.^DSx^,^) + QiN, X) 

where the remainder Q{N, A) is a sum of terms proportional to £^(r,,, j)£'£™(Tj_,j) 
for k + m > 1. By Lemma [6.81 we get that Q{N,X) is a compact operator and 
||(5(Af, A)|| when A oo. Thus for A oo, we get the following estimate: 
there exists C^, < oo only depending on ^ and 77 such that 

(108) liminf|K(%^)-i?^,^|| <NC^,^. 

A — >oo 

Since the S^iP) are compact operators for A; > and converge in norm to when 
A ^ 00, one gets similarly 

(109) liminf||0j^(%^)-%^|| <NC^,^. 

A — ^00 

Let A be large enough so that \\dxi^i- n) ^ ^i,n\\ — "^^C^.-q. For e small enough, 

(110) \\e^{l + ieS^,^)-{l + ieD^^^)\\ <2NC^,,,e + e\mDS,)Tr,^4 < 1 

Since is essentially self-adjoint, the operator K = 1 + ieD^^ri is closable and 
invertible for any e > and the norm of its inverse is < 1. 0^ {\ + ieS^^ri) is closable 
since it is a bounded perturbation K — B oi K = 1 + ieD^^^f. Moreover by (jllOp 
it is invertible, and the norm of its inverse, which is given by the Neumann series 
(K - B)-^ = Y,{K-'^B)™-K-^, fulfills (fT06| . This proves the first statement. 
2) Let ^ = ai] e 'H2N , and consider ^' = (D^ + A)^^ e H. Then, by the first 
statement, one can find a sequence Cn G DomD, Cn ^ C' ^ ^ such that 

0f(l + ie(Z?5,,-(e|i?O7;,,))Cn^C' 
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where the convergence is in Ti. Applying the bounded operator {D^ + A) ^ gives 

(1 + ie{D^.^~ moTr, ,)KD' + A)-^c« ^ e ■ 

One has (:={D^+ A)-^C' e 'H2N C DomD and {D^ + X)-^C„ {D^ + A)-^C' 
in the topology of DomD. Thus 

(l + ze(D^,,-(C|DOT,,,))C = f 
and C € 'H2N gives the required solution. □ 

We now need to show that if ry G Hoc and ( G Hn for N large enough, the inner 
product (r?|C) gives an element oi A = C{X) and in fact in the domain of S''. To 
see this we use Proposition [231 We recall that the Sobolev norms on A are defined 
using generators r/^ of the ^-module Hoc by (|13p i.e. 

Thus when we want to control the Sobolev norms of (77 |C) we need to control the 
norms 

\\{l + Dy/'{r^\Ov,\\ 

The point then is that {r],(^)rif^ = T^i^^riC while the endomorphism Ti,^^^ is regular 
by hypothesis so that ^?j^(r?7,, ,»)) is bounded and (with A = 1) one gets: 

Lemma 6.10. Assuming strong regularity, one has for rj £ Tiao 

(111) ll(^IC)llf'°'"^<a||(i + z?VCII 

Proof. It is enough to prove the estimate when s/2 = is an integer. For each /i 
one has 

\\ii + DYiv\Ov,\\ = Il<(r....)(i + ^TCI1 < \\9iiT,,,,mii + DTc\\ 

□ 

Theorem 6.11. Let {A,Ti.,D) be a strongly regular spectral triple with A commu- 
tative, fulfilling the five conditions of^ Then any derivation of A of the form (j32p 
i.e. So{a) = i(^| [D, a]^), Va e A, is closable for the C*-norm of A, and its closure 
is the generator of a one-parameter group of automorphisms U(t) of A — C{X), 
X = Spec(^). 

Proof. By CoroUarv 15. 141 the derivation Sq, with domain ^ C A, is dissipative for 
the C*-norm of A. Thus it is closable ([2] Proposition 1.4.7) and we let D{5q) be 
the domain of its closure. To apply the Hille-Yosida-Lumer-Phillips Theorem we 
need to show that for sufficiently small e one has 

(112) {l + e6o)DiSo) = A 
By CoroUarv 15. 14[ we have 

Wil + €5o){x)\\ > \\x\\ , \fxeD{5o) 

Thus (1 + eSo)D{So) is closed in norm and it is enough to show that (1 + e5o)A is 
norm dense in A. Let then rj g Tioo be such that {r]\ri) = 1 in a neighborhood of the 
support of ^ (with So{a) = i(^| [D, a]^)). Let then iV e N be such that the Sobolev 
estimate holds (Proposition 12. 3p 

(113) Ikllc* < C||a||?^^°'"\ yaeA 
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Let a ^ A one has ai] G TYco- By Lemma 16.91 there exists ejv+i > such that for 
any e < ejv+i one can find a solution in C e "Hn+i of the equation (j97p . Since TLoo 
is dense in Hn+i we thus get a sequence C„ € Tioo such that ^ C i^i 'Hn+i- The 
operator 5^^^ = -D^,,, — (^|£'^)T^, is continuous from Hn+i to Hat. One thus 
has, with convergence in 0.^: 

(1 + ieS^, rj)Cn ^ (1 + «e<5'^, r,)C = a»? 

Combining Lemma [6. 101 with (|113p . one gets that the 6„ = ('ylCn) G -4 converge in 
the C*-norm Moreover, by ^ and (fT05| . 

'5'?,»7C« = -i'^o((?7lCn))^: (1 + «eS'5,,,)Cn = Cn + e(5o(fo«) 1]^ ar] 

with convergence in TY^v- Thus applying (?7|») and using (|llip and (|113p . 

6„ + e(5o(6„)(?7|77) ^ a(?7|?7) 

in the C*-norm, as in (|98p . Since = 1 in a neighborhood of the support of 

^ one has (5o(&n)(??|?y) — 6o{bn). Moreover one has, since (1 — {ri\ri))a vanishes in a 
neighborhood of the support of ^ that 6o{{l ~ (ri\ri))a) = . Thus we have the norm 
convergence 

Cn + e5o{c„) ^ a , c„ = 5„ + (1 - {■n\ri))a 

and this shows that (1 + eSo)A is norm dense in A. Since (1 + edo)D{6o) is norm 
closed it is equal to A. Thus, we have shown that for sufficiently small e one 
has (fm)) . Thus the Hille-Yosida-Lumer-Phillips Theorem ([2] Theorem 1.5.2, [21] 
Theorem X.47 a) shows that Sq generates a contraction semi-group of A. Since the 
same holds for —6o, one gets a one parameter group of isometries U{t) — e*"^" of 
the C*-algebra A. Moreover U{t){a) is a norm continuous function of t for fixed 
a ^ A. Using the operators of the form 

(114) [/(/) = I f{t)U{t)dt ■ A^A 

for / such that the L^-norms of the derivatives fulfiU Efill/*"^!!! < oo> 

one gets a dense domain of analytic elements and one checks that since is a 
derivation on D(8q) the U{t) are automorphisms of A. □ 

It remains to show that the U{t) e Aut(A) respect the smoothness. Let us first 
show that we need only understand what happens to U{t)(a)ri as an element of Ti. 
because U{t) is the identity in the complement of the support of ^. 

Lemma 6.12. Let x £ A have support disjoint from the support of ^. Then 
U(t){x) = X for all t G M. 

Proof. We can assume that x € A. Let us show that 5q{x) = 0. There exists 
4> G A with X — xcjP' and (jyS^ ~ 0. One has 5q{x) = i{^\[D,x\S) and [D,x] — 
\D,x](t>'^ + 2x[D^(j)\(j) so that [D,x]^ = and 5q{x) — 0. It follows that for / as in 
(I114p . one gets So{U{f){x)) — since U{f) commutes with Sq. With / analytic 
for one gets that U{f){x) is an analytic element such that 5Q{U{f ){x)) = and 
hence 5J^{U{f){x)) = for aU n > 1. It follows that 

j-n 

U{t){U{f){x)) ^ -m{f){^)) - U{f){x) , Vt e R 

Thus since U{fn){x) ^ x in norm for a suitable sequence /„, one gets that 
U{t){x) = X for all t eR. □ 
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Lemma 6.13. Let S be the closure of S^^ri ~ -D^, »? ^ (CI^O^ij,!) '^^ on unbounded 
operator in Ti.. Then for any a G DomJo one has arj £ Donas' and 

(115) S{ari) ~ —iSo{a)r] 

For any a G A and e > 0, let b = {1 + eSQ)^^{a). Then brj G DoniS* and 

(116) (1 + ieS')(fo?7) = a?? 

Proof. For a„ a and (5o(an) ^ ^o(a) in norm one has a„?7 ^ ary and 5o{an)'q — > 
So{a)ri in 7i. Thus, since S* is closed and ^ is a core for Sq it is enough to prove 
pi5p for a £ A. In that case one gets 

One has a{ri\r])^ = since {ri\ri) = 1 on the support of ^. Similarly {S,\D^){ri\ar]) = 
{^\D^)a = i^\aD^). Thus we get 

S{aij)^{^\[D,a]0, yaeA, 

which gives (jllSp . 

To prove (|116p . note that by Theorem 16 . 1 1 1 the resolvent (1 + eSo)~^ exists for any 
e > and maps A to the domain of Sq. Thus applying the first part of the Lemma 

to 5 = (1 + e6o)^^{a), one gets 

(1 + ieS){br]) ^ brj + it{-i5a{h)ri) = ((1 + e5ff)b)ri = arj 
which gives (|116p . □ 

Lemma 6.14. The one parameter group U{t) G Aut(A) fulfills for each N an 
estimate of the form 

(117) ||C/(i)(a)||5^'^°''=^ < cie^'=«-''l*l||a||?^'^°'°^ 
Proof. We first use the Sobolev semi-norm given by 

\\a\\t°]7 = {D^ + \r/^aii 

with A > determined by Lemma (HUl We let eo > be as in Lemma [^7^ By (|116p 

one has for any a £ A 

(118) {l + e&^)-\a)T]={l + ieS)-^ar], Ve < eo 
Assume that ||a||^|;°'X' < One then has 

By Lemma l6Jl one gets, for e < eg, using (|106p . 

\\{l+eSo)-HaW^'^°'j = \\{D'+X)''/'{l+eSo)-\aM = \\{D'+Xf/'{l+zeS)-'arj\\ 

= \\e^^'{{l + ^eS)-')C\\ < (l + 7Vc,.^,6)||C|| = {1 + Nc^,,e)\\a\\t°l7 
This shows that ||(1 + e<^o) "'^(q.)||7v'^i°'T < °° ^^"^ thus one can iterate and get, 

(119) 11(1 + eSo)-"\aW^^°]l- < (1 + iVc^, ,e)'"||a||^°;^,f/ , Ve < 6o 
Now for t > and with norm convergence in A one has, 

U{-t)a^ lim (l + ^)-"(a). 

n—*oo fl 
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This shows that U {~t)a is the norm Umit of the sequence a„ = (1 + ^) "(a) and 
moreover one has, from 1 1 a„ 1 1 < (1 + iVc^, ^t/n)"|la||^J'°if'. Thus 

(120) limsup||a„||?,°;'°'r < e^^^' llalH^^^T 

Since a„ ^ = U{^t)a in norm, one has ani] brj also in norm in Ti. Since the 
operator {D^ + A)^/^ is closed, and by ([^0)) the {D^ + A)^/^ 

a„77 are uniformly 

bounded, it follows that brj e Dom{D^ + A)^/^ ^nd thus ||C/(~t)a||5^^°'X' < oo. 
More precisely we get 

sobolcv 



sobolcv 



Now the semi- norm Hall/v'^^'T' equivalent to the Sobolev norm but the latter 



is equivalent to the sum 

\\iD' + Xf/^arj\\+J2\\iD' + Xr/'arU\ 

where one can choose the i]^ so that their supports are disjoint from the support of 
^. This can be seen using the strong regularity. It then follows from Lemma [51111 
that the semi-norm ^ || {D^ + X)^/^arifj^\\ is preserved by U {t) since U{t){a)ri^ = a-q^ 
for all Thus one obtains pi7p . □ 

Theorem 6.15. Let {A,Ti.,D) be a strongly regular spectral triple with A commu- 
tative, fulfilling the five conditions of ^ Then any derivation of A of the form 
(|32p i.e. So{a) = z(^|[£), a]^), Va € A, is the generator of a one-parameter group of 
automorphisms at G Ant{A) such that 

• dt(7t{a) = 5(i{at[a)). 

• The map (i, a) G R x ^ i—s- at{a) £ A is jointly continuous. 

Proof. By Lemma 16.141 the one parameter group U{t) G Aut(A) preserves the 
subalgebra A C A. We let at G Aut(y^) be the corresponding automorphisms. For 
a G A one has a G Dom^o and thus 

at{a)-a^ / au{So{a))du 



where au{5o{a)) is a norm continuous function of u. By (|117p applied to (5o(a), this 

I sob 

\n 



shows that \\at{a) - a||5^''°'<=^ = 0{\t\) when t 0. One has 



1 If* 

-(crf(a) - a) - (5o(a) = - / {auiSoia)) - Sn{a))du 
* t Jo 

which, since \\aMa)) - <5o(a)||?^'^°'°^ = 0{\u\), gives 

\\l(at{a) - a) - SoiaW^'^^'^'' = Oi\t\) , for t^O. 

This shows that dtat{a) = 6Q{at{a) in the Frechet space A. Let us check the joint 
continuity of (i, a) i— » at{a). Let (i„,a„) — > {t,a) G Rx^. One has tTt„ (a„)—crt (a) = 
'^t„{an a) -\- at„{a) — at{a). The norm ||crt^(a) — cTf (a)||f^'^°''^^ converges to from 
the above discussion. Moreover Lemma [6.141 shows that one controls the Sobolev 
norms of at^ {a„ — a) from those of (a„ — a) which gives the required continuity. □ 

We can now also prove directly the absolute continuity of the transformed measure 
crJ'(A) with respect to A. 
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Proposition 6.16. Let {A,Ti., D), 5q and at be as in Theorejn \6.15\ Then for each 
< G K. the measure \ of ^ is strongl^ equivalent to its transform under at . 

Proof. Let (5o(a) — i{S][D,a]^), Va G A. By Lemma [6.121 the measure CTj (A), given 
by (jj (A)(/) = \{at{f )) agrees with A(/) whenever the support of / is disjoint from 
the support of ^. With 77 G Tioo as above one has {rj\ri) = 1 in a neighborhood 
V of the support of ^. To obtain the required strong equivalence, it is enough to 
compare \{at{f)) and A(/) for / and at{f) with support contained in V . One then 
has, using ([2]) 

A(at(/)) - jat{f)\D\-^ = fat{f)iv\v)\D\-' - {v,Mf)v) 

Let, as above, S be the closure of S^^ ,j = D^ jj — (^|Z3^)T^ It is by construction 
a bounded perturbation of the self-adjoint operator (closure of) 13^^ and one can 
define e**'^ for t G M using the expansional formula (jlj) 

(121) e^+''e-^= (^E^ a„,(B) (B)du^ , a„(B) 

with A — itD^^ri and B — — it(^|Z3^)T^ Let us show that 

(122) atia)ri = e^^'^ar), ^aeA. 

By Theorem 16.151 and (|115p the valued function t 1-^ ri{t) — at{a)rj solves the 
differential equation 

iSrjU) , 77(0) = ari , rjU) G Dom5 , G K . 

This implies that ■^ie~'^*^r]{t)) = and thus e^^*^r]{t) — ai] which proves (|122p . It 
follows from that 

(123) (r;, cTt(a)r7) = (r;, e'*^a7y) = (e"'*^*??, ai^) 

Note that S" is not self-adjoint in general because of the additional term — (^|£'^)r^^ ^. 
The difference S—S* is a bounded operator and an endomorphism of the ^-module 
n given by 

(124) S-S*=pT^^,,, p^{^\DO*^mO 

since is self-adjoint by ((92)) . We can now write a formula for e~**'^ 77, 



(125) e-^*^*r?= (^E^"^"^ 



with S'n = {(uj) \0 l£ ui < . . . < Un < 1} the standard simplex. Indeed one has 
—its* = —its + P with P = itpTjj jj which is bounded which allows one to use 
the expansional formula p2ip . with A = —itS, B — P. Now by (|122p one has 
gitSj^ _ ^ all t G M thus the left hand side of p2ip applied to rj gives e~**'^ rj. 
Let us compute the right hand side. We first show that 

(126) e"''^pT,^^,jaT] = as{pa)r], VaeA. 



^^i is strongly equivalent to v iff there is c > with cv < ^ < c 
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Indeed one has Tr/.r/Cn] — {jj\ari)ri = a{ri\r])r] and since {ri\ri) — 1 on the support of 
p (using (jl24p ) one gets that pTfj^ qarj — pa{ri\ri)ri = parj. Thus p26p foUows from 
(inSD. We then get 

= i"t"a^tuAP<^-t{u2-u^){p{■ ■ ■ (pcr-t(«„-u„_i)(p)) • • 

which yields (|125p from (|121|) . Now the series 

(127) h{t) = V i^r f a-tu, (P) ■ • • ^-tu„ {p)du 

converges in the Frechet algebra A since, for each k, the pk{(Ts{p)) are uniformly 
bounded on compact sets of s, while the volume of the simplex Sn is Thus 
h{t) e A and combining (|123[) and (|125p one has: 

(128) (77, at{f)r,) = (e'''^^, /?/) = {h{t)i^, = (77, /i(t)/?;) 
so that we get, for all / with support in V, 

(129) \{at{f)) ^ XChit)f) 

Since, by construction one has h — I outside the support of ^, (using Lemma l6.12p . 
equahty (|129p holds for aU f e A. The norm continuity ||ft-(i) - 1|| ^0 when t — > 
(using p27p ) then gives the required strong equivalence. □ 



7. Absolute continuity 
The following equality defines a positive measure A on X. 



(130) 




Va e C{X) . 



This measure is locally equivalent to the spectral measure of the representation of 
A — C{X) in H. More precisely: 

Lemma 7.1. For any open set V d X the following two measures are strongly 
equivalent: 

• The restriction A|y to V of the measure A of (|130p . 

• The restriction to V of the spectral measure associated to a vector ^ e 7i°° 
whose A-valued inner product (^, ^) is strictly positive on V . 

Proof. By the condition of absolute continuity one has a relation of the form 

and since (^, ^) G ^ is strictly positive on V, one gets the strong equivalence between 
the restriction to V of the spectral measure associated to the vector ^ e 7i°° and 
the measure A|y of (|130p . □ 
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We let 

B, = {teRP\ \t\ < e} 
Given an automorphism a G Ant{A) we use the covariant notation 

(131) a{K) = Koa-\ VKeSpcc(yt) 

and view a as an homeomorphism of X = Spec(yl). We use the notations Ua, Sa 
of Lemma 113] and of ([40|) . 

Lemma 7.2. Let V d Ua be an open set and % G V^. There exists a smooth family 
<7t G Aut(y^), t G R^, a neighborhood Z of x ii^ V o.'^^d e > 0, e' > such that: 

(1) For any k €z Z , the map t t-^ Saiatin)) = F{K,t) is a dijfeomorphism, 
depending continuously on k, of with a neighborhood of Sa{n) in W and 

(132) Sa(K)+B,- CF(k,B,/2), VkGZ 

(2) For any t €z B^ one has 

(133) ^ A < crt(A) < 2A. 

(3) Zi = Hs^o'tZ is a neighborhood of X- 

(4) Z2 = UB,<ytZ is contained in V. 

Proof. Let at £ Aut(^), t &W, W and Z as in Lemma 1431 We can replace the 
Zo of Lemma 14.51 by any neighborhood of x contained in Zq and hence by a ball 
centered at x ^^'^ contained in V H Zq. We use a metric d on X compatible with 
the topology (Proposition [2?3]) . Thus 

Z = {ne X\d{K,x) <r} 

and we can take r small enough so that 

(134) {ne X\d{K,x) <i/'2r} CV 

The continuity of the map (k, t) 1-^ a^^{K) — no at yields e > with B^ <Z W and 

(135) d{K,at\K)) <r/2, e X , t e B^ 

Then the first statement (1) follows from Lemma [4.51 with (|132p coming from the 
continuity in k. The second statement follows from (jl35l) since for d{K,x) < 
one gets d{x,<^t^^{K)) < r and a^^{K) G Z. Similarly the third statement follows 
from (|135p and (|134p . Finally (|133p follows from Proposition 16. 161 for e small. □ 

Lemma 7.3. Let V d X be an open set with V <Z Ua and Xy (resp. \y) he the 
spectral measure of the restriction to V (resp. V) of the representation of C{X) in 
Ti.. Then SQ.(Ay) is equivalent to the Lebesgue measure on Sa{V) and there exists 
c < 00 such that 

(136) If o sad\y<c [ _f{x)dxP, V/gC+(MP). 

Jv Js^iV) 

Proof. By Lemma 17.11 the spectral measure Ay (resp. Xy) is equivalent to the 
measure A of (|130p restricted to V (resp. V). We show that 

• For any x ^ ^ one can find a neighborhood Zi of x in Ua such that 
Sa{X\zi) < cdxP for some c < 00. 

• For any x G one can find a neighborhood Z2 of % in y such that 
dsa{X\z2)/dxP = p{x) > in a neighborhood of Sa{x) 
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Let X e y. We apply Lemma [7.21 relative to V = Ua- We let at, Z, Zj, e and 
e' be as in Lemma [7.21 We can assume that for \t\ < e one has p33p . Let then 
h e C^(i?e), h{t) e [0, 1], be equal to 1 on By Lemma [7?^ for any k e Z, the 

map t F{K,,t) = Sa{(Jt{n)) is a diffeomorphism F^, of with a neighborhood of 
Sq(k) in W . It follows then that for fixed k the image in MP of the measure h{t)dt^, 
is a smooth multiple 5k (u) of the Lebesgue measure du^, 

(137) f f{F(K,t))h{t)dtP ^ [ f{u)g,{u)duP , yfeCc{W). 
JB, Jm.p 

The function vanishes outside Ff^{B^) and is given inside by 

(138) g^iu) = h{^{u))\d^jiu)/du\ 

where ^ is the inverse of the diffeomorphism and dijj{u)/du its Jacobian. The 
continuity of the map k t-^ F^, gives a uniform upper bound 

(139) 5„(m)<ci, \/uemp,Kez. 

Since h ^ 1 on B^/2 and Sq(k) + S^/ C Fk,{B^/2) by (|132p . one has h{ip{u)) — 1 for 
M e Sq (y) + _Be' . The continuity of the map k i-^ F,^ then yields ei > such that 

(140) 5K(u)>ei, Vu e Sa(K) + , Vk e Z 

We consider the image dv under (k, t) G Z x B^ i-^ F{k, t) e of the finite positive 
measure dX{K)h{t)dtP on Z x B^. It is given by 



(141) / f{x)dv{x)= / f{F{K,t))h{t)dtPd\{n), V/eCc(Mf), 

Jw J Z J B, 

and is equal, by (|137p . to 

(142) I J{x)du{x)^ [ [ J{u)g,{u)dvPd\{n)^ [ f{u)p{u)duP 



where 

(143) p(u)= / g^iu)d\{K) 

J z 

By p39l) one has 

(144) < ciA(Z) < oo , VmGRP. 
Moreover (|140p shows that 

(145) p(u) > eiA({K G Z I |u - s„(k)| < e'}) . 
We then have 

(146) p(w)>0, yu£Sa{Z). 

This strict positivity follows from the condition of absolute continuity which shows 
that the support of the measure A is X. Indeed, for u G Sq(Z), the open set 
{kg Z \ \u — Sq(k)| < e'} is non-empty and it has strictly positive measure. This 
shows that the restriction of the measure v to the open set Sa{Z) is equivalent to 
the Lebesgue measure. 

We now use the quasi-invariance of dX given by (|133p to compare Sa{X\zj) with v. 
Using (fng]) (for d = 1/2), one has for t G B„ ^dX < d{at{X)) < 2dX so that, for 
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any subset E C X and any positive / G C^{W) one has, with 1^; the characteristic 
function of E, 

J if o s^)lEdiatiX)) <2j{fo s^)lEdX 

The middle term is 

^ if o Sa)lEd{crt{X)) = / (/ o Sq o crt)(l_E o crt)dA 
and we thus get 

(147) Ififo s^)dX < f (/ o s„ o at)dX < 2 / (/ o s^)dX , V/ G C+{RP) 

^ JE J cTt^E JE 

We let, as in Lemma [7. 2 [ 

Zi = DB^a-tZ , Z2=UB,crtZ. 
One has a^^{Zi) C Z ioY t e so that, by the first inequality of (I147P for E = Zi, 

\! (/oSa)dA< / ^ {fos^oat)dX< j {fos^oat)dX, yt e B, , f e C+ (RP) 

J Z\ J (7^ Z\ J z 

so that, multiplying by h{t)dt'^ and integrating over t £ B^^ we get C < oo with 



{fos^)dX<C / f{s^{at{i^))h{t)dtPdX{K) = C f{x)du{x), 

J Z J Be ■JR'' 

where we used Fubini's theorem, and the equality Sa{at{K)) = F{K,t) for k ^ Z 
and teB^. Thus, using pl^ and (fH^ 



(148) / (/os„)dA<C/ f{u)p{u)duP <C' f{u)duP, yfeC+{RP) 

J Zi JRP JRP 

hence the image Sa{X\zi) is absolutely continuous with respect to the Lebesgue 
measure and is majorized by a constant multiple of Lebesgue measure. Thus, every 
point of V has a neighborhood Zi such that Sq(A|zi) ^ cidxP. Covering the 
compact set V by finitely many such Zi gives ()136p . 

Let us now assume that x G We can then assume, by Lemma 17.21 that Z2 = 
yjB,(JtZ is contained in V. One has Z C a^^{Z2) for t € B^ so that, by the second 
inequality of plT)) for E = Z2, 

I if o sa o <jt)dX < I if o sc, o at)dX < 2 I (/os^jdA, \/t e B, 

JZ Ja^'^iZ^) J Z2 

thus, after integration over t €z B^, 

C I f{x)dv{x)^C' [ f f{sMy))Ht)dtPdX{y)< ( {fos^)dX 

JRP J Z J Be J Zi 

This shows, using (|142p . that 

(149) / (/ o s^)dX >C' f f{u)p{u)duP , V/ e Ct{RP) 

J Z2 JRP 

By (I146P one has p{u) > for all u E s^iZ) thus p{u) > in a neighborhood 
of Sa(x), in other words dSa{X\z2)/dxP = P2(x) > in a neighborhood of Sa(x) 
as required. This shows that SQ(A|y) is equivalent to the Lebesgue measure on 
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8. Spectral multiplicity 



We want to get an upper bound for the number of elements in the fiber of the 
map Sa '■ Ua ^ MP. We shall first relate the multiplicity of the map Sa with 
the spectral multiplicity of the operators in the Hilbert space H. This is not 
automatic, indeed the first difficulty is that for an injective representation tt of a 
C*-algebra B with a subalgebra A C B, one can have the same double-commutants 
7r(A)" = tt{B)" even though B. Thus for instance one can take the subalgebra 
C[0, 1] C C{K) where K = {0,1,..., 9}^ is the Cantor set of the decimal digits 
and the inclusion is given by the decimal expansion. Both act in L^[0, 1] (by 
multiplication) and the spectral multiplicity of the function x e C[0, 1] is equal 
to one but the number of elements in the fiber is equal to 2 for numbers of the form 
fclO~". The point in this example is that the projection map s : K ^ [0, 1] is not 
an open mapping. Thus in particular the subset of K where the multiplicity of s is 
two is not an open subset of K (it is countable). 

Lemma 8.1. Let s : X ^ Y be a continuous open map of compact spaces. Then 
the function n{y) = #s~^(y) is lower semicontinuous on Y. 

Proof. Assume that n{y) > m and let us show that this inequality still holds in a 

neighborhood of y. Let Xj £ X he m distinct points in s~^(y). One can then find 
disjoint open sets Vj 9 Xj and let W = flj s{Vj) which is an open neighborhood of 
y. For any z gW the preimage s~^{z) contains at least m points. □ 

Now, let s : X ^ y be a continuous open map of compact spaces. Let ^ be a 
positive measure on X with support X and tt the corresponding representation of 
C{X) in L'^{X,^). We want to compare the spectral multiplicity function S(j/) of 
the restriction of tt to C{Y) with n{y) = #s~^(j/). Let p = s(/x) be the image of 
the measure /U. One can desintegrate /U in the form 

where the conditional measure py is supported by the closed subset s^^{y). The 
issue is what is the dimension of the Hilbert space L'^{X, py). It might seem at first 
that if the support of the measure p. is X one should be able to conclude that the 
support of Py is s~^{y) and obtain that the spectral multiplicity function T,{y) is 
larger than n{y) = #s~^{y). However this fails as shown by the following example: 

X = Y X {1, . . . , m} , s{y, k) = y 

and let p^. be the measure on Y corresponding to the restriction of p to Y x {k}. 

Lemma 8.2. If the measures pk are mutually singular then the spectral multiplicity 
function S(j/) is equal to 1 a.e. . 

Proof. The representations of C{Y) in L'^{Y,pk) are pairwise disjoint, and each 
is of multiplicity one. Thus the commutant of C{Y) in the direct sum of these 
representations only contains block diagonal operators and is hence commutative 
so that the multiplicity is equal to one. □ 

The above example gives the needed condition for the relation between S(y) and 
n{y) and one has: 
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Lemma 8.3. Let X he a compact space and A a finite positive measure on X , tt 
the representatioi^ of C{X) in L'^{X, dX). Let aj = a* G C{X) and s the map from 
X to MP with coordinates Oj . We let U d X be an open set and v a measure on W 
and assume that 

• The restriction of s to U is an open mapping. 

• For every open subset V <ZU the image s{\\v) is equivalent to the restric- 
tion of V to s{y). 

Let then V d U be an open set and consider the operators Tj — 7r(aj)|y obtained 
by restriction of the 7r(aj) to the subspace L'^{V,dX) C L'^(X,dX). Then the joint 
spectral measure of the Tj is v\s{v) o.'^^d the spectral multiplicity Ti{y) fulfills 

(150) S(y)>n(y) = #{s-i(y)nF}, Vy G , 
almost everywhere modulo v . 

Proof. Let W = s{V) which is a bounded open set in R^*. One can desintegrate 
A|v in the form 

(151) X\v = / Pydiyiy) 

Jw 

where the py are positive measures carried by Fy = s^^{y) n V. Moreover the total 
mass of Py is > almost everywhere modulo v for y G s{V). This follows from the 
assumed equivalence s(A|y) ^ One then has 

L\V,dX) = r L\Fy,py)dv{y) 
Jw 

For any ^ G L'^{V, dX) and any / G Cc(M'') one has 

/ / \^{x)\^dpyf{y)du{y) 

Jw JPy 

which shows that the joint spectral measure of the aj is absolutely continuous with 
respect to Its equivalence with follows from (|15ip taking ^(x) = 1 and 

using the assumed equivalence of s(A|y) with the restriction of v to s{V). 

Let us prove (|150p . Let y G with n{y) ^ #{s^^(y)nV} > m > 0. Let xj G F be 
m distinct points in s~^(j/) n V. One can then find disjoint open sets Bj 9 xj and 
let Z — Dj s{Bj) which is an open neighborhood of y. For any z G Z the preimage 
s~^{z) n V contains at least m points since it contains at least one in each Bj. 
Moreover one has s{s~^{Z) D Bj) = Z for all j. Let A^ be the restriction of A to 
Vj = s~^{Z)r)Bj. From the first part of the Lemma, for each j the spectral measure 
of the action of the Uj in L'^{Vj, dXj) is the restriction i^\s(Vj) ~ ^z. The action of 
the Oj in L'^{y.,dXj) contains the direct sum of the actions in the L^(Vj-,(iAj) and 
hence a copy of the action of the coordinates yj in 

®^L\Z,vz) 

which shows that the spectral multiplicity fulfills S(z) > m a.e. on the neighbor- 
hood Z of y. This shows that any element y in the open set [/,„ = {y G ?7 | nivf) > 
m} admits an open neighborhood Zy where S(z) > m holds a.e. Since Um is <y- 
compact it follows that T,{y) > m almost everywhere modulo v on Um so that (|150p 
holds. □ 



^by multiplication 
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Remark 8.4. With the hypothesis of Lemma 18.31 let E he a, complex hermit- 
ian vector bundle over X with non-zero fiber dimension everywhere. Then the 
inequality > n(y) holds, where S^; is the spectral multiplicity of the Tj 

acting on L'^{X, dX, E). This follows since, at the measurable level, one can find a 
nowhere vanishing section of E which shows that the representation tie of C{X) 
in L'^{X,dX, E) contains the representation tt of C{X) in L'^{X,dX). Since tte is 
contained in the sum of N copies of tt, one obtains the conclusion. 

Theorem 8.5. Let V d Ua be an open set and let a^|y be the restriction of a^^ e A 
to the range lyTY C Ti.. Then 

• The joint spectral measure of the | \/ is the Lebesgue measure on Sa (V) . 

• The spectral multiplicity mac{y) fulfills 

(152) mac{y)>n{v)^it.{s-\y)C^V}, Vyes„(y), 

almost everywhere modulo the Lebesgue measure. 

Proof. By Lemma 17.31 the hypothesis of Lemma 18.31 are fulfilled by the compact 
space X with measure A, the open set Ucn the measure du = dx^ and the elements 
. Thus the result follows from Lemma 18.31 and Remark 18.41 □ 



9. Local form of the £(P'1) estimate 

We fixp G [1, oo[. Our goal is to control the size of the Lebesgue multiplicity rnady) 
which appears in Theorem 18.51 The idea here is to use a local form of the £(P'1) 
estimate of [9j Proposition IV. 3. 14, with the right hand side of the inequality now 
involving a closed subset K C X,hy 



X(K) = inf SblDl 

b&A+,blK = lK J 



It relies on the estimate given in [8] and on the crucial results of Voiculescu ( [25] , 
pSj . p7]). The norm i) is definecFl for a compact operator T with charac- 

teristic values UniT) in decreasing order by (c/. [21] p. 5) 

oo 

(153) ||r||(,,i)=^n-i+VP^„ 

1 

In order to get an upper bound on ||T||(p.i) for T an operator of finite rank, we can 
use an inequality of the form 

(154) ||T||(p,i) <Cp(Rankr)i/P|ir||o, 
which follows using the characteristic values fJ.niT) from 

N N 
ni(p.l) = E "^"' + '^Vn < ||T||oo E "^"'^'^^ ^ ^^'^ \\T\\oo 

71 — 1 71 — 1 

where N = RankT. Note also that the £(^'1) norm fulfills 

(155) < ||A||oo||r||(p.i)Plloo. 



-'^'^For p = 1 it agrees with the £'^-norm 
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Let Dhe a self-adjoint unbounded operator such that its resolvent is an infinitesimal 
of order 1/p i.e. is such that the characteristic values fulfill /z„(|-D|^^) = 0{n^^^P). 
We let for any A > 0, 

(156) P(A) = l[o,A](|i?|), a(A)-TrP(A). 

By construction a(A) is a non decreasing integer valued function. The hypothesis 
fin{\D\~'^) = 0{n^^/P) implies ^„(|Z)|"^) < Cw^/p for some C < oo and it follows 
that a{C-^n^lP) < n, since the n-th eigenvalue of |D| in increasing order is > 
C-^n^/P. Thus, using for n the smallest integer above CP Xp , we get 

(157) a{X)<CPXP, VA>0. 
Let us show that 

Lemma 9.1. Let f G C^{R), then there is a finite constant Cf .such that 

(158) \\[f{eD),a]\\oo<Cfe\\[D,a]\\, WaeA. 
Under the hypothesis of Theorem \8.5l one has: 

(159) liminf A-fa(A) > 0. 
Proof. One has 

(160) [e'"'^,a]=ise [ e*""<^^[L>, a]e*(^-")"^-°dM 

Jo 

which gives (|158p using the finiteness of / \s f{s)\ds and 

(161) [f{eD),a] = (2^)-^ / f {s)[e^^^^ , a]ds . 



Assume that (|159l) does not hold. Then let A„ oo be such that lim A^''a(A„) = 0. 
Let / e C^(M) be an (even) cutoff function vanishing outside [—1, 1]. For e„ = A,7^ 
one has 

RankficnD) < a(A„) , Rank [/(e„i?), a] < 2a(A„) 
so that by p54p one gets, using (|158p . 

||[/(e„i^),a]||(p,i) < Cp{2a{X,,))^^PCe„\\[D,a]\\ 

and since lim Ajj^^a(A„) = 0, 

(162) lim |l[/(e„i?),a]|l(p.i) =0 

n^oc 

The Voiculescu obstruction relative to an ideal J of compact operators is given by 

(163) kj{{aj}) — liminf max || [A, aj]|| j 

AeTZ^,An 

where TZi is the partially ordered set of positive, finite rank operators of norm less 
than one, in H. We take A„ — /(e„_D). It is by construction an element of TZf. 
Moreover since f{enD) 1 strongly in Ti this shows that for the ideal J = C^P'^") 
one gets kj{{aj}) = 0. This contradicts the existence, shown in Theorem 18.51 of p 
self-adjoint elements aj of A whose joint spectral measure is the Lebesgue measure, 
using Theorem 4.5 of [5S] which gives the equality, valid for p self-adjoint operators 



(164) kji{a,})P^^p / miy)dPy 

where the function m(y) is the multiplicity of the Lebesgue spectrum. □ 

42 



The rank of the operator T — [/(eD),a] is controlled by twice the rank of f{eD). 
We take / compactly supported and thus f < g where g is equal to one on the 
support of / yields an inequality of the form 

(165) Rank/(eD) < Tr(5(ei:')) 

One has by Corollary 1 14. 101 (Appendix 2) an estimate of the form 

(166) liminf ePTr(5(ei:))) < Cg j-\D\-~P 
This gives 

(167) liminf ePRank/(eD) < Cgj\D\-P 
and: 

Lemma 9.2. Let f G C^(M), then there is a finite constant Cf such that 

(168) lunM\\[fieD),a]\\^p^^<Cfi-f\D\-P)'^P\\[D,a]\\, ^aeA. 



Proof. Using (|167p . and Rank [f{eD),a] < 2Rank/(e£>) one gets a sequence 
with 

RankT, < ie-Pcgj\D\-P , = [f{eqD),a] 
Using and then gives 

||T,||(p4) < C7p(Rankr,)i/P||r,||oo < Cj,{?,e^Pcgj\D\-Pf/PCfeq\\[D,a]\\ 

which is the required estimate since {^q^'Y^^^q = 1- Q 

We now let -RT C X be a compact subset and we want to localize the estimate (|168p 
to K i.e. to the range of X in 7i. 

Lemma 9.3. Let h £ C^(R) he an (even) cutoff function and f — . Then 

(169) ||[/(6|I?|),a] - \e{f\e\D\)5{a)+5{a)f'{e\D\))\\(,^,) = 0{e) 
where 5{a) =^ [|Z?|,a] and one assumes that a € D^^iDomS^ . 

Proof. First one has {cf. Corollary 10.16 of fT^), 

(170) me\D\),a] - eh'ie\D\)6ia)\\ < C,e^6^a)\\ 

with a similar estimate using €6{a)h'{e\D\). Indeed, using p6ip with \D\ instead 
of D, one gets 

[h{e\D\),a] = (2^)"'y" h{s)[e'''^^^ , a]ds 

so that by 

[h{e\D\),a] = i^T^y^ J /i(s)iseJ^'e™^^l^l[|Z?|,a]e'(i-")"-^l^ldwds 

and since by (|160p one has 

||[[|Z?|,a],e^(i"")-l^l]||<|s6|||<52(a)|| 



^^This is Lemma 10.29 in 1141 . but the proof given there is not correct, so we give the full 
details here. 

43 



one gets 

\me\D\),a] - eh'{e\D\)6ia)\\ < C2e^6-\a)\\ , - (2^)"'/ s'\Hs)\ds. 
We follow the proof of Lemma 10.29 in [T3]. One has 

[fie\D\),a] - ^eif'ie\D\)S{a) + <5(a)/'(e|I?|)) - A._B, + C,A, 

where A, = h{t\D\), B, = [h{e\D\),a] ~ th! (t\D\)8{a) and Ce = [/i(e|D|),a] - 
e5{a)h![<i\B\). By (fT7U|l one has = 0{e^), \\G^\\ = 0{e^), while A, is uniformly 
bounded with Rank^^ = 0{e-P). Thus by (fT54| one has P£||(p,i) = 0(e"^). Thus 
we get the required estimate using (|155l) . □ 

We then let if C X be a compact subset, as above, and consider the operators 

(171) R,^lKfie\B\)lK 

We let 6 G ^ be equal to 1 on if i.e. such that hlx = ^K- One then has: 
Lemma 9.4. 

(172) \\[R,,a] - ^eilKf'{e\B\)bS{a)lK + 1^ <5(a)6/'(e|i?|)lK )|l(p,i) = 0(e) 
Proof. One has 

[R,,a] = lK[f{€\D\),a]lK 
since a commutes with l^- Thus multiplying on both sides by 1^ in (|169p . one 
gets (using (|155p ) 

(173) \\[R,,a]-^eilK.ne\B\)S{a)lK + 1^ <5(a)/'(e|i?|)lK )||(p,i) = 0(e) 

Lemma 19.11 and (jl57p show, using (|154p , that one has a uniform upper bound 

\\[f'ie\B\),b]\\^,^,^<C\\[\D\,b]\\ 

since /' has compact support. Thus in (|173p one can replace 1 k f'(e\B\) — Ik b f'{e\B\) 
by Ik f'{£\B\)b, without affecting the behavior in 0{e). The same applies to the 
other term. □ 

We recall the interpolation inequality used in [9| §IV.2.(5, but stated without proof 
there. 

Lemma 9.5. There exists for 1 < p < oo, a constant Cp such that, for S G , 

(174) \\S\\ip,i)<Cp\\S\\Y^\\S\\l^'/'^ 

Proof. The inequality holds as an equality for p — 1 with ci = 1, thus we can 
assume that p > 1. We use the fact that is obtained by real interpolation 

of index (6*, 1) tor 9 — ^ from the Banach spaces Yq = JC and Yi = C^. The 
functoriality of the interpolation gives an inequality of the form 

for any linear operator from Xq + Xi to Yq + Yi such that 

\\Tx\\y < M^\\x\\x, , VxGXj,i = 0, 1 

We can take Xq ^ Xi = C and let T be such that r(l) = 5. Then Mq = \\S\\^, 
Ml = \\S\\i and the norm ||a;|| (Xo,Xi)(e i) is finite and non-zero. □ 
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Remark 9.6. In order not to depend on interpolation theory we give a direct proof 
of p74p . We assume that p > 1. First, for p > 1 an equivalent norm on is 

(175) ||T||(,,i), = (l-0) ^7V«-V^(T), 0=1. 

where CTAr(r) is the sum of the first N characteristic values. The equivalence of the 
norms (|175|) and (|153p follows from /zjv < cfn/N one way. For the other way, one 
applies Fubini to the double sum 

n m>n m n<m 

Now to estimate ()175p assuming ||T||oc < 1 and ||T||i = p > 1, one splits the sum 
as follows 

oo 

1 N<p N>p 

Using |lT||oo < 1 gives aN{T) < N and one bounds the first sum as 

N<p 

Using ||T||i = p> 1 gives a^iT) < p and one bounds the second sum by 

N p^Cgp 

N>p 

which gives the required inequality (|174p . 

Lemma 9.7. There exists a constant Cf < oo such that for b — b* A, b > , 

(176) liminf eP||6/'(e|i:i|)6||i < Cf-j^b^\D\~P 

Proof. Note that by construction of / as a cutoff function, its derivative /' < on 
[0, oo[. Let h = -f' e C^{M.) so that h>0. One then has bh{e\D\)b > and 

\\bh{e\D\)b\\i = Tr{bh{e\D\)b) = Tiib^h{e\D\)) 

and the result follows from Corollarv ll4.10l (Appendix 2) which gives, 

\imMePTT{b^h{e\D\)) < p-j^b^\D\~P 

where p — p /q°° uP~^^h{u)du. □ 
Lemma 9.8. There exists a constant Cj < oo such that, for b = b* Cz A, < b < 1, 

(177) hminf ||e6/'(e|i?|)6||(j,,i) < C'fi-j^b^\D\-Py/P 

Proof. By Lemma 19.71 one has, once b is fixed, a sequence — > such that 

\\bf'ie,\D\)b\\,<2Cfe-pj^b'\D\-P 

Also since /' is bounded one has 

||6/'(e,|2?|)6||oo < B = |l/'||oo < oo 
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Thus it follows from P7i)) . that 

After multiplication by one gets the required estimate. □ 

Theorem 9.9. There exits a finite constant Kp such that for any operators aj G A 
and compact subset K <Z X one has, with J = C^P'^\ the inequality 

(178) kj{{ajlK}) < Kpmax||(5(a,)||oo(A(if))i/P 

where one leta^l: 



X(K)= inf ib\D\-P. 

beA+,biK=iK J 



Proof. By definition one has 

kj{{ajlK})— liminf max || flj l/fJH j 
AeTzt,An 

where TZ^ is the partially ordered set of positive, finite rank operators of norm less 
than one, in Ik'H- We take — Ik /(e|-D|) 1^ as in (|17ip . It is by construction 
an element of TZ^ . Moreover since f{e\D\) 1 strongly in H one gets that i?e — > 1 
strongly in Ia'W. By Lemma [9.41 one has 

II [R,,a] - ^e{lK ne\D\)bS{a)lK + Ik S{a)bf\e\D\)lK )||(p,i) = 0{e) 

Using 

lKf'{e\D\)b5{a)lK - Ik b f'{e\D\)bS{a)lK 

and p55)) for A ^ Ik, T ^ bf'{e\D\)b, B = 6{a)lK and similarly for the other 
term, one gets an estimate of the form 

||[i?e,a]||(p,i) <0(e) + ||efo/'(e|i?|)6|lfei)ll%)lloo 

Thus, by Lemma one gets that, for any b e A^ equal to 1 on K, there exists a 
sequence such that 

||e,6/'(6,|i?|)6||(,,i)<2C}(^62|i?r^)i/p 

which gives, for q large enough. 



\\[R,^,a]\\^p^,^<2C'f.{j-b^\D\~n'^^S{a)\\^ 
for any a € A and hence: 

liminfmax||[i?e,ajl/dll./ < 2C} max ||^(aj)|loo(^6^|£'r^)^/'' 

After varying b one obtains the required estimate. □ 

Remark 9.10. a) One may worry that Voiculescu's definition of kj involves the 
ordered set TZi while all we got was Re ^ 1 strongly in 1a' Thus let us briefly 
mention how to get the A "f 1 from i?£ by a small modification. Given a finite 



■This is the natural extension of A given by the Riesz representation Theorem | 23| . 
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dimensional subspace of l^Ti, one lets P be the corresponding finite rank projec- 
tion, with fixed rank N. One needs to construct A G TZf , A> P with a control on 
max II [A, flj Ix] II,/- One takes 

A, = P+il-P)R,{l-P), 

so that A> P hy construction. Moreover one has 

(179) Re- A, ^ P{R, - l)P + PR,{1 - P) + {I ^ P)R,P . 
Moreover by the strong convergence _Re — s- 1, one has 

||/'(i?e-l)||oo = ||(i?. -1)-P||oo^0 

SO that all three terms in the rhs of ()179|) converge to in norm and hence in the 
J norm since their rank is less than N so that one can use (|154p . Thus one has 

\\R,-A,\\j^O 

and one controls max||[A, lx]||j from max || [i?^, Oj l;f]||j. 

b) It might seem possible at first sight to tensor the spectral triple {A,H,D) b 
(C, TC' , D'), with the spectrum of D' growing fast enough so that the product tripL 

(180) {A^C,H(g)n',D" = D(g>l + -f(g)D') 

would still be of dimension p, i. e. such that the characteristic values of the inverse 
of D" are 0{n~^^P). Let us show that this is only possible if the dimension of Ti' 
is finite. Indeed the eigenvalues of {D 1 + ^ D')^ — D'^i^l + li^D^ are the 
independent sums of the eigenvalues of and of I? ^ . Thus having infinitely many 
eigenvalues of Z? ^ contradicts the two inequalities 

a(A)>cAP, a"{\)<C"\P 

for the counting functions a(X) = Tr(l[o,A] (|^|)i Q^"(^) = Tr(l[o_A] (|£'"|) since they 
yield 

dim(H') < C'/c. 

c) The constant C'^ in p77p is given, up to a function of p alone, by 

/ l-oo \ l/p 

C'f^i^J^ uP-'hiu)duj ||/^||L"l/^ h = -f>0. 

and one needs to check that there is a lower bound to independently of the 
choice of the cutoff function /. Since /(O) = 1 the only information is about 
/p h{u)du — 1 and thus one needs to show a general inequality of the form: 

poD / poo \ i/p 

(181) J h{u)du < c{p) (p J uP-^h{u)du] \\h\\l^^/P. 

To prove this one lets g{u) = h{u^^P), so that 

/•oo poo />oo 1 noo 

p uP~^h{u)du= g{v)dv, / h{u)du=- v^/P-'^g{v)dv 
Jo Jo Jo P Jo 

and one uses the same argument as in Remark l9.6l First, with k{u) = g{v)dv, 

v^/P'^g{v)dv = (1 - -) / v^'P-^k{v)dv 
P Jo 



^"'in the even case 
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Next, assuming ||/i||cc = 1, one has g(v) < 1 for all i; > and thus, with p 
/o°° 9{v)dv, 



so that, since k{v) < v and k{v) < p one gets 

v^/P-^k{v)dv < / v^/P'^dv+ / v^/P-^pdv :^CpP^/P 
Jo J p 

with Cp — p + {1 — ^)^^ which gives (jl8ip with c(p) = 1. 

We can now combine this with Theorem 4.5 of [25] which gives the equality, valid 
for p self-adjoint operators hj, 

(182) kj{{h,})P=jp f m{y)dPy 

Corollary 9.11. Let aj = a* (z A be p self- adjoint elements, then for any compact 
subset K <Z X one has 



(183) / mf,(y)d^'2/<4max||<5(a,)||LA(i^) 

where the constant only depends onp, and the function m^^{y) is the multiplicity 
of the Lebesgue spectrum of the restriction of the aj to IxiTC). 



10. Local bound on #(s„i(x) n V) 
Let V C Ua he an open set with V C Ua- 

Lemma 10.1. There exists C < oo such that the spectral multiplicity mYdx), on 
the absolutely continuous joint spectrum of the restriction a^|y of the a^^, to lyTi. 
fulfills: 

(184) m^^{x)<C, a.e. onI^ = s„(y) 

Proof. By Theorem 18.51 the joint spectral measure of the a^|y is the Lebesgue 
measure on Sa{V). Let C be a compact subset, and K — s'^^{E) n V. Then 
Corollary 19.111 gives an inequality of the form 

(185) / m^Md''y<n'\{K) 
One has 

(186) ml{y)<m^Jy), Vy e E 
since one has a direct sum decomposition 

where the representation in the second term in the right hand-side does not con- 
tribute to the multiplicity in E. Indeed, with E'^ = Ui?„ and £"„ compact disjoint 
from E, the joint spectrum of -jpy is contained in En and disjoint from E. 

Moreover the representation in the first term is dominated by the representation in 
IkH since s-^{E) DV C K ^ s-'^{E)nV. 
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By (|136p one has an inequality 

l_.fo3^d\y<c f _ f{x)dxP < c [ f{x)dxP , V/ e C+{RP) , 

Jv Jsa{V) Jrp 

which shows, taking Ie = inf /„ as an infimuni of continuous functions /„ G 
C+(Mf), that 

X{K) — / lEOSadX-y< / fnOSad\y<C / fn{x)dxP C I dx^. 

Jv Jv Jrp Je 

Thus, using (fT86l) and (fTSS]) . 

/ m'^^{x)dPx< [ m^^{x)dPx<K'X{K)<CK' [ dx^ . 
Je Je Je 

and there exists a constant C — ck' such that, for any compact E C W, 

(187) / m'^^{x)dPx <C [ d^x 

Je Je 

which gives the inequahty, vahd almost everywhere, 

mlix)<C. 

□ 

Lemma 10.2. Let V be as above. Then there exists m < oo such that 

(188) #is-\x)nV) <m, yxeW^s^iV) 
Proof. By Theorem 18.51 one has, almost everywhere, 

m^,{y) > n{y) - #{s^\y) nV) , Vy G s^{V) , 

so that the result follows from Lemma 1 1 . 1 1 and the semi-continuity of n(y) which 
shows that an almost everywhere inequality remains valid everywhere. □ 

Lemma 10.3. Let V d Ua be an open set with V G Ua- There exists a dense open 
subset Y C Sa{V) such that every point of s~^{Y) n V has a neighborhood N in X 
such that the restriction of Sa to N is an homeomorphism with an open set of W . 

Proof Let W = Sa{V) and 

mi = sup i^{s-'^{x) n V) 
xew 

which is finite (and non-zero) by Lemma ll0.2l Let 

Wi^{xew\ ms-\x) n y) = mi} 

It is by Lemma [8.11 an open subset of W. Moreover for x G W\ one can find toi 
disjoint open neighborhoods Vj of the preimages Xj of x such that all Yj surject on 
the same neighborhood ?7 of a; in W . It follows that the restriction of Sa to each 
of the Vj is a bijection onto U and hence an isomorphism of a neighborhood of x^ 
with an open set in Rp given by the a^. 

It can be that W\ is not dense in W , but then we just take the complement of its 
closure: = W\Wi and let 

ma = sup i^{s-\x)nV) 
xew^ 

which is < mi by construction. One then defines 

W2^{xeW^\ #{s-\x) nv)^ m2} 
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which is by Lemma lS.ll an open subset of W^. The same argument as above shows 
that the subset Z = W\ U W2 fulfiUs the condition of the Lemma. One proceeds in 
the same way and gets, by induction, a sequence Wfc, with Y = UWj fulfilhng the 
condition of the Lemma. Since the sequence rrij is strictly decreasing one gets that 
the process stops and Y is dense in M^. □ 



11. Reconstruction Theorem 

We shall now use Lemma 110.31 together with the ability to move around in X by 
automorphisms of A to prove the following key Lemma: 

Lemma 11.1. For every 'point % € X there exists p real elements G A and a 
smooth family Tt G Aut(^), t G W , Tq — Id, such that 

• The x^ give an homeomorphism of a neighborhood of x with an open set in 
W. 

• The map 1 1—^ h{t) = x ° Tt is an homeomorphism of a neighborhood of in 
W with a neighborhood of x- 

• The map x o h is a local diffeomorphism. 

Proof. Let x ^ X- By Lemma [4.4) there exists a such that x S !7q. By Lemma 
14.51 there exists a smooth family at £ Aut(^), t G K^, a neighborhood Z of x in 
X — Spec(^) and a neighborhood W oi Q € W such that, for any k G Z, the 
map t I— > Sq(k o (Tt) is a diffeomorphism, depending continuously on k, of W with 
a neighborhood of Sq(k) in W. 
We now take for V a ball 

V^Br = {yeX\d{x,y)<r}cUa^, V C . 

We apply Lemma [10.31 to V = Br and let y be a dense open subset Y C Sa{V) 
such that every point of s~^{Y) n V has a neighborhood N in X such that the 
restriction of Sa to N is an homeomorphism with an open set of W. Since Y is 
dense in Sa{V), and by Lemma [1751 the image of by 1 1— > ^p(t) = Sa{x° ^t) is an 
open neighborhood of Sa{x) one can choose a. uq gW such that x ° ctuo ^ ^ ^^"^ 
Tpiuo) = Saix ° Tuo) G One has k = x ° ""uo € s~^{Y) n V. Thus by Lemma 
110.31 there exists a neighborhood N oi k such that the restriction of Sa to N is an 
isomorphism with an open set of W. Thus the are good local coordinates near 
K. The automorphism (7^0 G Aut(y^) is such that 

(189) K = x°cr«o: X = <Tuo{l^) 
Recall that we use the covariant notation ()131l) . We take 

(190) x^=a^„{a'^) 

as local coordinates near x- The corresponding map x from X = Spec(^) to M.^ is 
given by 

Cex^ C{xn = CMO) = Sa(C° ^n„) = s„ o a-i(C) 

Thus a; = Sq o and, since (t„o is an homeomorphism of X, a; = Sq, o is an 
homeomorphism of the neighborhood (t„o(7V) of x with an open set of M.P. Thus 
the are good local coordinates at x- Then let n € Aut(^) be given by 

n = cr«o+t ° '^uo 
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so that Tt o — (^uo+t- One has 

Now the map /i is given hy t ^ h(t) = x° '''t thus one has 
(191) X o + i) 

This shows that the map x o h is a diffeomorphism from Wi = W — uq (which 
is a neighborhood of t = G since uq G W) with an open set of MP. On 
Wi, the map h is injective since x o h is injective. Thus h is an homeomorphism 
with its range. One has h{0) = x, /i is continuous thus W2 = /i^^(o'„o (iV)) n 
Wi is an open set containing and W2 = x o h{W2) is an open set in MP. The 
map X is an homeomorphism of cr„o (N) with an open set in M^ and a; o ft, is an 
homeomorphism of Wi with an open set in Rp. One has h{W2) C (Tu„(N). Thus 
h{W2) — x^^{W2) n (Tuo{]^) is open in (t„q(-/V) and since it contains h{0) = x we 
get that h is an homeomorphism of a neighborhood of in Rp with a neighborhood 
of X- Moreover, as we have seen above, the map x o h is a. diffeomorphism. □ 

Lemma 11.2. The algebra A is locally the algebra of restrictions of smooth func- 
tions on M.P to a bounded open set of . 

Proof. Let x ^ ^- By Lemma 111.11 we can assume that some x^ G A give an 
homeomorphism of a neighborhood U of x with a bounded open set x{U) C R^. 
By the smooth functional calculus the algebra C^{x{U)) is contained in A using 
the morphism / G C^{x{U)) 1-^ f{x^) G A. Moreover for any k £ U one has 
K{f{x^)) = f{K{x^) so that the function fox coincides on U with the element 
f{x^) G A. Taking a smaller neighborhood of x with compact closure in U one 
gets that the algebra C°° {W')\x(y) of restrictions to xiV) of smooth functions on W 
is contained in the algebra of restrictions to V of elements of A, using x to identify 
V with the open set x{V) C R^. We need to show that any element of A restricts 
to a smooth function on V , using the local coordinates x to define smoothness. For 
this we use (Lemma [TTTT]) the existence of a smooth family t : Rp ^ Aut(.4) such 
that a; o r is a local diffeomorphism around x- Thus given 6 G -4, to show that the 
restriction of 6 to y is smooth, it is enough to show that Tt{b) evaluated at x is a 
smooth function of t. This follows from the smoothness of the family Tt. □ 

Theorem 11.3. Let {A,Ti.,D) be a strongly regular spectral triple fulfilling the 
five conditions 0/ fJH f cf. |llj j with c antisymmetric Then there exists an oriented 
smooth compact manifold X such that A = C°°{X). 

Proof. We let X — Spec(^) be the spectrum of A or equivalently of the norm 
closure A. By construction it is a compact space. By Lemma lll.li for every point 
X G X there exists a neighborhood U of x and p real elements x^ £ A which give a 
local homeomorphism of a neighborhood V oix with an open set in Rp. Moreover 
by Lemma [11. 21 one has 

feA\v^for'eC°^{RP)Wv) 

This shows that on the intersection of such domains of local charts, the change 
of chart is of class C°°. We can thus, using compactness, take a finite cover and 
this endows X with a structure of p-dimensional smooth manifold. Lemma 111.21 
shows that any a d A restricts to a smooth function in each local chart and thus 
A C C°°{X). Moreover given / G C°°{X) there exists for each Vj in the finite open 
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cover of X an aj e A with f\v- — aj\v-- Then the existence of partitions of unity 
(Lemma 2.10 of 

ipj E A, Tpj = 1 , Support C Vj 

shows that / agrees with J^i^j^j ^ We have shown that there exists a smooth 
compact manifold X such that A = C°°{X). The cycle c gives a nowhere vanishing 
section of the real exterior power A^{TX) and hence shows that the manifold X is 
oriented. □ 

We thus obtain the following characterization of the algebras C°°{X): 

Theorem 11.4. An involutive algebra A is the algebra of smooth functions on an 
oriented smooth compact manifold if and only if it admits a faithful 

E 

represen- 
tation in a pair (Ti.,D) fulfilling the five conditions o/ fJH (cf. [11 j with the cycle 
antisymmetric and the strong regularity. 

Proof. The direct implication follows from Theorem 111.31 Conversely, given an 
oriented smooth compact manifold X of dimension p, one can take the represen- 
tation in 7^ = L'^{X,Al) the Hilbert space of square integrable differential forms 
with complex coefficients, and use the choice of a Riemannian metric to get the 
signature operator D = d + d* with the Z/2-grading 7 in the even case coming 
from the Clifford multiplication by the volume form as in !l_8j Chapter 5. In the 
odd case one uses the Clifford multiplication 7 by the volume form to reduce the 
Hilbert space TC to the subspace given by 7^ — ^. More specifically we consider the 
faithful representation of the Clifford algebra Chff r*(X) in A*T*{X) given by the 
symbol of D, i.e. 

(192) v.^^vA^~t,^, v«er;(x), A*r;(x) 

where iy is the contraction by v. This gives {cf. [18 Proposition 3.9) a canonical 
isomorphism of vector spaces Cliff T*(X) ~ A*T*{X). We let uj be the section 
of A^T*X given at each point by w — ei A • • • A Cp where ei, . . . is any pos- 
itively oriented orthonormal basis. In the Clifford algebra CliST*{X) one has 
^2 ^ ^_^-^EiE+ll (5.26)) and one defines 

(193) -f^ = i-'^ u;£_, vce Cliff r;(x)®c 

where the product is the left Clifford multiplication by uj. By (5.35) this 
left multiplication is related to the Hodge star operation by 

(194) cj ^ = {-l)''^'P-''^+^^^ ^ , VCgA^ 

With these notations one has d* = (-l)(P+i)7d7 {cf [IS] (5.10)) which shows that 
D commutes with 7 when p is odd and anticommutes with 7 when p is even. 
To check the orientability condition 4), one uses (in both cases of the Dirac operator 
or the signature operator) local coordinates and the equalities 

(195) [A/] =^7^5^/, {7^7'^} = -2g^^ 

where the 7^ correspond to the action of dx^ through the representation of the 
Clifford algebra (given by (|192p for the signature operator). One then has, for the 



i.e. with trivial kernel 
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multiple commutator, 

(196) [7\7',.--,7^]=p!*'^(V5)"S 
where ^ is the square root of the determinant of the matrix gay and 7 = 7*, 



7^ = 1 is the grading in the even case and is just 1 in the odd casqij- Thus in these 
local coordinates the cycle associated to the volume form: 

c = ^ y e(a) V5 a:"^'^ x^'-p^ 

^ a 

p(p+l) 

fulfills, locally, condition 4), up to the power of i, i 2 . Using a partition of unity 
gives the global form of c which is just the Hochschild cycle representing the global 
volume form. 

The condition of strong regularity is checked using ^T3l One applies Lemma ri3.2l to 
obtain the strong regularity since we take for D an elliptic differential operator of 
order one on a smooth compact manifold and the principal symbol of is a scalar 
multiple of the identity. This ensures that for any differential operator P of order 
m the symbol of order to + 2 of , P\ vanishes as it is given by the commutator 
of the principal symbols of order to and 2. Thus one gets that for any differential 
operator T of order 0, the operators (5™(r) are of the form P(l + D^)"'"/^ where 
P is a differential operator of order m. Thus the theory of elliptic operators (c/. 
[I5] Lemma 1.3.4 and 1.3.5) shows that they are bounded. This applies for D the 
Dirac operator or the signature operator, thus one gets the strong regularity in this 
case. □ 

Theorem 11.5. Let (yl, 7i, U) he a spectral triple with A commutative, fulfilling the 
five conditions of ^ with the cycle c antisymmetric. Assume that the muUiplicit'S^ 
of the action of A" in Ti is TPl"^ . Then there exists a smooth oriented compact 
(spirf) manifold X such that A = C°°(X). 

Proof. We need to show that we can dispense with the hypothesis of strong regu- 
larity in Theorem 111.31 Indeed by the first part of Remark 15.121 we get 

(197) [{[D,a][D,b] + [D,b][D,a]),[D,c]]=Q, 'ia,b,ceA 

since this is implied by the commutation ([751) of I h] \ with [D^c\. Thus if we work 
at a point x G Spec(yl) and let be the fiber at x G of the finite projective 
module Tioo and C End5^ be the subalgebra generated by the [D, a] for a ^ A, 
it follows from (fTOT)) that 

(198) [D, a] [D, b] + [L>, b] [£>, a] e Z{M^) , Va, 6 £ 

where Z(M^) is the center of M^. Let e be a minimal projection in the center of 
M^. The equality itd{c) = 7 shows that, at the point x, 

ie = Yl [[^' alUD,all..., [D, ]] ^ 

a 

SO that the dimension of the space T*{x) — {e\D, a] | a € .4};^ is at least equal to 
p. In fact, more precisely, for some a, the multiple commutator 

[e[D,alle[D,al],...,e[D,al]] = e[[D,alUD,all...,[D,al]]^() 



^^Since we reduced the Hilbert space H to the subspace given by 7^ : 
^^We restrict to the even case 
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which can hold only if the e[D, a^] are linearly independent. By (|198p and the 
minimality of e, the following equality defines a positive quadratic form Q on the 
self-adjoint part of T*{x)- 

(199) Q{e[D,a])e^ {e[D,a]f , VaS^. 

It is non-degenerate since when e[D, a] is self-adjoint, {e[D, a])^ = implies e[D, a] = 
0. Let then Cq be the Clifford algebra associated to the quadratic form Q on the 
self-adjoint part of T*{x)- The latter has real dimension > p and the relations (|198p 
show that the map e[D,a] e[D,a] gives a representation of Cq in the complex 
vector space eS-)^. Thus this shows that the dimension of eS^ is then at least equal 
to 2P/^. The hypothesis of the Theorem on the multiplicity of the action of A" in 
Ti. shows, using the condition of absolute continuity, that the fiber dimension of S 
is 2P/^. This shows that e = 1 and also, since the complexification of the algebra 
Cq is a.n N X N matrix algebra for N > 2^^^, that — F,ndS^ for every x S X. 
It also shows that the dimension of T*{x) is equal to p and that on Ua the [_D, a^] 
form a basis of T*(x). Consider then the following monomials 

^iF = [[D,a^],[D,ai%...,[D,ai^]] 

where F = {ji < j2 < ■■■ < jk} is a subset with k elements of {l,2,...,p}. 
For every x € Ua the iip form a basis of = EndS*^. Thus any element T of 
— EndS*^ can be uniquely written in the form 

(200) T^J2'^Ff^P 

The coefficients ap can be computed using the normalized trace on EndS*^, the 
lip and the element T. Thus using the conditional expectation of ()37p one 
gets, for any endomorphism T of Hoo with support in Ua, that pOOp holds with 
coefficients ap £ A. This shows that any endomorphism T of Tioo is a polynomial 
in the [D, a] with coefficients in A and it follows that it is automatically regular. 
Thus the strong regularity holds and we can apply Theorem 1 11. 31 To see that X is 
a spin'^ manifold one uses [11] (see [M] for the detailed proof). □ 



12. Final remarks 

12.1. The role of D. By Lemma l2.ll the spectral triple {AjHjD) is entirely 
determined by {A" ,H, D) where M — A" is the commutative von Neumann algebra 
weak closure of A. It follows in particular that, except for the dimension TV of 
the bundle S which we may assume, for simplicity, to be constant and equal to 
2P/^ there is no information in the pair [A" ,0.): they are all pairwise isomorphic. 
Similarly the only invariant of the pair {H, D) is the spectrum of D i.e. a. list of real 
numbers with multiplicity. By [20] this spectrum does not suffice to reconstruct the 
geometry, and it is natural to wonder what additional invariant is required to do 
so. As we shall briefly explain it is the relative position of M and of the self-adjoint 
operator D which selects one geometric space, and it is worthwhile to look at the 
conditions from this point of view. The analogue in our context of the geodesic 
flow is the following one parameter group 

(201) 7t(r) = e**i-°ire-**i-°i , W e £{?{) . 

54 



We sajO that an operator T e C{l-C) is of class C°° when the map from R to C{TL) 
given hy lt{T) is of class C°° (for the norm topology of C{T-C)) and we denote 
by C°°{'H, D) this subalgebra of C{T-l). This algebra only depends upon (7i, D) and 
does not yet measure the compatibility of (M, 7i) and (7i, D). This is measured by 
the weak density in M of 

(202) C°°{M,n,D) = {T ^MC^C°°{H,D)\[D,T] e M' D C°°{n, D)} 

where M' is the commutant of M. One checks that A = C°°(M, H, D) is a subal- 
gebra of M and its size measures the compatibility of (M, Ti) and (7i, D). 
We now come to two equations which assert that A = C°° {M, H,D) is large enough, 
so that we have maximal compatibility. One checks that Hoo — HDoml?™ is 
automatically a module over A (for the obvious action) . The first equation requires 
that this module is finite and projective and that it admits a hermitian structure 
( I ) (necessarily unique) such that: 

(203) (^,0??) =^(^h)«|ds|P, Vae AVe,r?eHoo 

where ^ is the noncommutative integral given by the Dixmier trace. 

The second equation means that we can find an element c of the tensor power A'^'^, 

n = p + 1, totally antisymmetric in its last p-entries, and such that 

(204) 0(1)) = 1 , where {ao ■ ■ ■ (E) ap){D) ^ ao[D, ai] ■ ■ ■ [D, ap] , \faj e A. 

(This assumes p odd, in the even case one requires that for some c as above c{D) — 7 
fulfills 7 = 7*, 7^ = 1,7-D = —D-f). We can now restate Theorem 111 .51 as: 

Theorem 12.1. Let {M,n,D) fulfill (^0^ . (^05)) and (POU) . and N = 2^/2, then 
there exists a unique smooth compact oriented spin'^ Riemannian manifold {X, g) 
such that the triple {M,Ti.,D) is given by 

• Af — L°°{X,dv) where dv is the Riemannian volume form. 

• Ti = L'^(X,S) where S is the spinor bundle. 

• D is a Dirac operator associated to the Riemannian metric g. 

Proof. We let A = C°°{M,n,D). By the weak density in M of (|202l) . we know 
that the multiplicity of the action of A" — M in is = 2*'/^. By construction 
the triple {A^ Ti., D) fulfills the first three conditions . The fourth and fifth follow 
from and (pH)) . Thus by Theorem[n3]we get that A = C°°(X) for a smooth 
oriented compact spin^ manifold X. The conclusion then follows from [TT] (see [T3] 
for the detailed proof). Note that there is no uniqueness of D since we only know 
its principal symbol. This is discussed in [TT and fT4] . □ 

A striking feature of the above formulation is that the full information on the 
geometric space is subdivided in two pieces 

(1) The list of eigenvalues of D. 

(2) The unitary relation F between the Hilbert space of the canonical pair 
{M,Ti) and the Hilbert space of the canonical pair (Ti, D). 

Of course the conceptual meaning of the unitary F is the Fourier transform, but 
this second piece of data is now playing a role entirely similar to that of the CKM 
matrix in the Standard Model [5]. Moreover, in the latter, the information about 
the Yukawa coupling of the Higgs fields with the Fermions (quarks and leptons) is 



l^c/. Lemma [T331 of iJT3] 
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organised in a completely similar manner, namely 1) The masses of the particles 
2) The CKM (and PMNS) matrix. At the conceptual level, such matrices describe 
the relative position of two different bases in the same Hilbert space. They are 
encoded by a double coset space closely related to Shimura varieties ([6]). These 
points deserve further investigations and will be pursued in a forthcoming paper. 

12.2. Finite propagation. One can use in the above context a result of Hilsum 
[TT] to obtain: 

Lemma 12.2. The support of the kernel kt{x, y) of the operator e**^ is contained 
in 

{ix,y)eX^\d{x,y)<\t\} 

where the distance d is defined as 

dix,y)^sxip\hix)^h{y)\,\\[D,h]\\ < 1 

Proof. Let {x,y) G with d(x,y) > \t\. There exists h = h* in A such that 
II [I?, ft,] II < 1 and h{y) — h{x) > \t\. Also h and [D,h] commute by the order one 
condition. Thus by Lemma 1.10 of [T7], one has b < h{y), a > h{x) such that: 

{h~b)+e-'*'^{h- a)- =0 

so that /ct(x, y) = 0. □ 



12.3. Immersion versus embedding. The proof of Theorem 111.31 shows that, 
with the cycle c given by p6p . the map ij} from X to given by the components 
for J > 1 is an immersion. It is not however an embedding in general even 
if one includes the components a°. To see this consider open balls B d W' and 
Bi C B such that for some translation v the ball B2 = Bi + v is disjoint from Bi 
and contained in B. Then let x'^ be the coordinates in M.P and a{ G C^{B) be such 
that 

a{ (x) = x^ , \/x G Bi , aj (x) = x-* — w-' , Vx S -B2 

Let be a neighborhood of the complement of Bi U B2 in B. Let then a2(x) — 
h{x)x^ where h{x) = 1 for all x S A^ and vanishes in an open set of the form B[ U B2 
where the B'^ C Bj are smaller concentric balls. Let be a partition of unity in 
B for the covering by Bi U B2 and A^. Then let c be the antisymmetrization of 

2 
1 

For X G i?i all the 03 vanish, including a§, and = 1 so that the following equality 
shows that the map ^ is not injective: 

a\(x + v) — aj(x) , Vx e i?i . 
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12.4. The antisymmetry condition. We have used throughout the stronger 
form of condition 4) where the Hochschild cycle c € Hp{A,A) is assumed to be 
totally antisymmetric in its last p-entries. It is unclear that one can relax the 
antisymmetry condition on c. It is not true in general for commutative algebras 
that any Hochschild class can be represented in this way, but this is the case for 
J\, = C°^{X). In general, one has a natural projection on the antisymmetric chains, 
given by the antisymmetrisation map P. It is defined by the equality 

P{ao (8) oi ® • • • ® Op) = ^ ^ e(/?)ao (8) a^(i) (g) ■ ■ ■ (g) aj3(^p) 

Its range is contained in Zp{A,A) since A is commutative and any antisymmetric 
chain is a cycle ([19] Proposition 1.3.5). It is not obvious that P maps Hochschild 
boundaries to Hochschild boundaries. This follows from the equality 

P = ^EpOTTp 

where one lets — A^^]^ be the ^-module of Kahler p-forms (c/. [12] 1.3.11) 
and 

(205) Ep : n^,^ HpiA,A) , TTp : Hp{A,A) ^ 

are defined in [19] Proposition 1.3.12 and Proposition 1.3.15. They are given by 

(206) TTkiao g) ai g) ■ ■ ■ g) Uk) = apdai A • • • A dak 
and 

(207) Ekiaodai A • • • A dak) = ^ e(o-)ao (g) a^rii) (g ■ ■ ■ (g a„(j,) 



12.5. Strong regularity. The hypothesis of strong regularity is, in general, stronger 
than regularity. Indeed the operation of direct sum {A, Hi ® 7^2, Di ® D2) of two 
spectral triples for the same algebra A preserves regularity but not, in general, 
strong regularity. 

Proposition 12.3. Assuming regularity the subalgebra Zd{A) of End j\^{TL 00) gen- 
erated by A and the [Z?, b] [D, c] + [D, c] [Z?, b] for b, c d A is a commutative algebra 
containing A and commuting with [D, a] for all a (z A. 

Proof. This follows from Remark 1 5. 121 since ([78]l shows that [-D, t*]^ commutes with 
[D, a] for aU a e A. □ 

The understanding of the general situation when one does not assume strong reg- 
ularity should be an interesting problem since the inclusion A C Zr){A) should 
correspond to a finite "ramified cover" of the corresponding spectra, with Y — 
SpecZjj^A) covering X = Specy^. It is easy to construct examples where Y has 
singularities. It is not clear that, assuming the first five conditions, the space X is 
always smooth. Similarly it is unclear what happens if one relaxes the regularity 
condition to the Lipschitz regularity, since we made heavy use of at least 6'^+'^- 
regularity in the above proofs. Finally it would be interesting also to investigate 
the meaning of real analyticity of the space X in terms of the real analyticity of the 
geodesic flow (|20ip . 
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12.6. The Noncommutative case. Among the five conditions of ^the condi- 
tions 1), 3) and 5) make no use of the commutativity of the algebra A and they 
extend as such to the noncommutative case. We refer to [TT] for the extension 
of conditions 2) and 4) to the noncommutative case. The extension of the order 
one condition involves a new key ingredient which is an antilinear unitary operator 
J in TL which encodes the nuance between spin and spin"^. It turns out to be an 
incarnation not only of the charge conjugation in physics terms and of the needed 
"real structure" to refine the K-theoretic meaning of the spectral triple from ordi- 
nary if -homology to /fO- homology but, at a deeper level, of the Tomita operator 
which plays in the noncommutative case the role of a substitute for commutativity. 
All this plays an important role in the noncommutative geometry understanding of 
the standard model [5], [1], [S]. The extension of the "orientability" condition 4) 
exists and it certainly holds e.g. for noncommutative tori ( but it is not fully 
satisfactory yet and its clarification should be considered as an open question. 



13. Appendix 1: Regularity 

The condition of regularity is not easy to check for smooth manifolds since it involves 
the module of the operator D. We give below the equivalent formulation in terms 
oiD^ (cf. [13). 

We deal with operators T which act on Hoo — nDomZ3". We say that T is bounded 
when 

(208) \\n = sM\\m\^^noo, iieii <i} 

is finite. We still denote by T the unique continuous extension to a bounded 
operator in H. By self-adjointness of D the domain Hoo is a core for powers of 
D or of \D\. The derivation S{T) — [\D\,T] is defined algebraically as an operator 
in Hoc- The relation with the commutator in Ti. is given as follows. 

Lemma 13.1. Assume that both T and [|-D|,r] are bounded (as in ()208|) ). Then 
T preserves T>oto\D\ — DomD and the bounded extension of ^D\,T\ coincides with 
the commutator \D\T — T\D\ on Dom|Z?|. 

Proof. Let ^ e Domlfj. There exists a sequence ^„ G Hoo with ^„ ^ ^ and 
\D\^n Since T is bounded the sequences T^„ and T|D|^„ are convergent 

and converge to and T\D\^. Since [|_D|,T] is bounded the sequence {\D\T — 
T\D\)^n converges. Thus |D|r^„ converges, and as \D\ is closed one gets that 
is in the domain of \D\. Thus Dom|I?| is invariant under T. Moreover one has 
\D\T^= {\D\T -T\D\)^ + T\D\^. □ 

In other words, saying that both T and [|Z?|,r] are bounded is equivalent, for 
operators acting in Tioo to T e DomS and moreover S{T) is then the bounded 
extension of \D\T-T\D\. 

We introduce the following variant of S, defined on operators T acting in Tioo, 

(209) 6i{T) = [D^,T]{1 + D^y^/^ 

Lemma 13.2. Let T acting in "Hoo be bounded. 

(1) If 5i{T) and 5\{T) are bounded so is S{T). 

(2) The Si{T) are bounded for all n iff so are the S"'(T). 
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Proof. (1) The module \D\ is given by the foUowing integral, which makes sense 
when applied to any ^ G Donil?, which we omit for simplicity 



2 f 

(210) \D\ = - / 

Jo 



■ du 



D2 

To avoid dealing with the kernel of D we use the decomposition S = S' + 6o where 
the derivations S' and Sq commute, and Sq is bounded, 

(211) 5'{T) = [Q,T], Q = D'^{l + D^)-^'^ 

(212) 5o{T) = [h{D),T], Ux)^\x\~x^{l + x^r^/\ Vx e M 

One has / e Co(K) and the derivation 5^ is bounded, in fact \\5o\\ < 1 since 
ll/olloo < 1/2. One has 

2 f°° 

TT Jo -D"^ + 1 + U"^ 

Thus 

(214) y(T) = [Q,T].- [j^^^^,T]du 

D'^ . ,1+1*2 , , 1 r 9 1 

.1^] = -[ ^. . .^] = (! + "') . [^'.y]- 



Thus using 
we get 

\ ^ T] ^ \D' T] ^-±^ ^ \D^ \D' Til ^-±^ 

^D2 + l + u2' J I ' ^(D^ + i + u^y D^ + l + u^^ ' (L>2 + 1 + u2)2 

Thus combining with (|214p one gets 

(215) <5'(T) = ^[D'^,T]{1 + D'^)-^/^ + ^[D^,T]{1 + D^)-^/'^ 



where we used 

2 



and 



poo 1 1 

7n (i?2 + 1 + ^2)2 2^ ' 



TV Jo {D-^ + l + ^2)2 

Now one has [D^, ^ 6l{T){l + D^) and 

(l+u2)(l+jj2) 
" (i:>2 + l+u2)2 I 

SO that 



< 1 



'D^ + l + U^' ' "(i:>2 + l + u2)2" - "£)2 + l_^y2 
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and one gets 

(216) \\6'iT)\\<\MT)\\ + \\S!{T)\\. 

Now if both 5i{T) and Sl{T) are bounded, we get that S'{T) is bounded and since 
5 ^ S' + Sq with do bounded, we get that 6(T) is bounded, with 

2 

(217) mT)\\<Y,\\Si{T)\\. 



(2) The operations S and Si commute since \D\ commutes with D^. Let us assume 
that the ^"(T) are bounded. We have seen that S{T) is bounded. To show that 
(5^(T) is bounded it is enough to show that (5™(5(T)) are bounded for m = 1,2. 
But <5r(<5(T)) = SiS'PiT)) which is bounded since the S'^iSY'iT)) are bounded for 
n < 2, m < 2. More generally let us show by induction on n an inequality of the 
form 

2n 

(218) \\S-{T)\\<Y,c,,M\SUt)\\ 



To get it for n + 1, assuming it for n, one uses (|217p which gives 

2 2 

\\s{s-{T))\\ < ^ ms"iTm = J2 ii'5"(<^i(T))ii 


2 2n 



Thus we obtain by induction that S"{T) is bounded. 

Conversely, the boundedness of the 6^{T) implies that of the S"{T). Indeed the 
boundedness of the 6'^{T) is equivalent to the boundedness of the S""{T) where 
S"{T) = [(1 + 1)2)1/2 gjj^^g |£,| _ (1 + d2-)1/2 bounded and commutes with 
\D\. Moreover the square of the operation 

T (1 + D^f/^T{1 + i:>2)-i/2 = y + 5"{T){1 + i:>2)-i/2 

is 

T^{1 + D'^)T{1 + i:>2)-i = T+ [1)2, T](l + D^)-! 

which gives 

[D'^,T]{1 + D^)-! = 25"{T){1 + i:>2)-i/2 + 5"'^{T){i + i:»2)-i 

so that 

5i{T) = 2y'(T) + ,5"'(T)(1 + 7?2)-i/2 
and one can proceed as above to get the boundedness of the 5" (T). □ 

Finally we relate the regularity condition with the smoothness of the geodesic flow 
t -ft{T) = e^t\D\Te-^^\°\ of gH). 

Lemma 13.3. Let T G C{Ti.), then the following conditions are equivalent: 

(1) T e n^DomJ". 

(2) t — !■ 7f (T) is of class C°° in the norm topology. 
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Proof. Let us show that (1) ^ (2). By T preserves Hoo- We write the Taylor 
formula with remainder 

(219) fit) = /(O) + tf'{0) + ... + -/(") (0) + ^ / (1 - ^.)"/("+i) {tu)du 

for the function f{t) — e**l^lre^'*l^l^ with ^ G Tioo- Since T preserves Tioo this 

function is of class C°° . One gets 

(220) 

■n-j-n -n+lj-n+l rl 

JtiT)^ = n + ^t5{T)^+... + —S"{T)^ + — / {1 - urj,,{6^"+^\Tmdu 

nl n\ Jq 

since f^''^{s) — 7s ('5''"'-' (T))^ by induction on k. This shows that t lt{T) is of 
class C°° in the norm topology, since the norm of the remainder is 0(t"+^). Let 
us show the converse (2) => (1). It is enough to show that if T S C{TL)) and the 
following limit exists in norm 

Hmt^o \[lt{T) - T), then T e Dom5 and the limit 

is i5{T). One has, for ^ G 

(221) f eDom|i:»| ^31im ^(e**!^!^-^) 

where the limit is supposed to exist in norm. Assuming that for some bounded 
operator Y e C{T-C) one has limt^o \\\{lt{T) — T) — y|| = 0, one gets for any 
i G Domini, that i(e'*l^lT^-TO iT\D\S, + Y£,. This shows that e V)OTa\D\ 
and that i|D|T^ = iT|D|^ + which gives the required equality. □ 



14. Appendix 2: The Dixmier trace and the heat expansion 



We first recall the basic properties of the Dixmier trace. Recall that the character- 
istic value Hn{T) of a compact operator T is the n-th eigenvalue of |T| arranged in 
decreasing order and is equal to 

(222) inf{||r|£;_L|| Idimi; = n- 1} 
Definition 14.1. We define the Weyl norms by 

N 

(223) ajv(T) = ^Ai„(T) 

1 

The fact that they are norms and in particular fulfill 

(224) <JN{Ti+T2)<aN{Ti)+aN{Ti) 

follows from the next statement in which we use the same notation for a subspace 
E CH and the orthogonal projection on that subspace. 

Proposition 14.2. One has 

(225) crAr(T) = sup{||T^;||i |dim^; = A^} 
Let T be a positive operator, then 

(226) crw(r) = sup{Tr(Ti;) | dim£; ^ N} 
We use the following notation for refined limiting processes, 

61 



Definition 14.3. With the Cesaro mean M defined by 

(227) W)(A) = ^//(.)^. 

and h{X) a bounded function of X > 0, lu a linear form on C'b(R*^) which is positive, 
Lu{l) ~ 1, and vanishes on Co(IR.^), and cf) an homeomorphism ofM.*^, we define: 

(228) Lim^(,)^XA) - c.(M'=(.g)) , 5(A) = h{r'W) 

where the upper index k indicates that we iterate the Cesaro mean k-times. 

We write Linii^ as an abbreviation for Lim;Jj, and when we apply it to a sequence 
(ajv)AfGN we mean that the sequence has been extended to a function using 

(229) /a(A) = aAT for A e ]A^- l,iV]. 

Also we consider the two-sided ideal containing compact operators of order one, 

(230) £(i'°°)(^) = {TeJC; <tn{T) = O(logiV)} . 



Definition 14.4. ForT>0,Te £(i'°°)(H), we set 

1 ^ 

(231) Tr^(r) = Lim„ r—j- J2 f^^iT). 

=■ n=l 

The basic properties of the Dixmier trace Tr^^ are summarized in the following ([9] 
Proposition 3, IV. 2./?): 

Proposition 14.5. Tr;^ extends uniquely by linearity to the entire ideal C^^'°°\T-C) 
and has the following properties: 

(a) IfT>0 then Tr^(r) > 0. 

(b) If S is any bounded operator and T £ C''^'°°\Ti), thenTTi^{ST) = Tri^(TS). 

(c) Tt^{T) is independent of the choice of the inner product on Ti., i.e. it de- 
pends only on the Hilbert space Ti. as a topological vector space. 

(d) Tr^^ vanishes on the ideal C(^''°°\t-1), which is the closure, for the \\ \\i,oo- 
norm, of the ideal of finite-rank operators. 

We fix p e [1,00]. Let 13 be a self-adjoint unbounded operator such that its re- 
solvent is an infinitesimal of order 1/p, i.e. sue UBthat iin{D~^) = 0{n-^/P). We 
shaU compare Ty^{T\D\-'p) and lime^ Tr(/(eD)r). Wc let En be the spectral 
projectioio on the first A^-eigenvectors of \D\ so that dimE'^r — N, En < En+i 
and 

(232) Tr{EN\D\-P)^aN{\D\-P). 
Lemma 14.6. For any bounded operator T £ C{Ti.) one has 

(233) Lim^r^ Tt{En\D\-pT) = Tr^(T|i3|-f ) 



^^We replace D by a non-zero constant on its kernel so that D ^ makes sense. 
^''Xliis is ambiguous when there is spectral multiplicity. 
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Proof. The hypothesis on D shows that Tt{En\D\-p) = 0{logN). Moreover, by 
construction of the Dixmier trace, one has 

(234) Lim.^ Tt{En\D\-p) - Lim^^ ^r^d^^r^) = Tr^d^^r^) 

log A* log A* 

Let 4>{T) be the left-hand side of (|233p . It makes sense since 

\Ti{En\D\-pT)\ < Tt{En\D\-p)\\T\\ - O(logiV) 

so that the sequence j^^^-jy Tr(i?7v|£'|^^T) is bounded. The functional cj) on £(7i) is 
linear and positive (the trace of the product of the two positive operators En\D\~p 
and T is positive). Let "ipiT) be the right-hand side of (|233p . Proposition ll4.5l shows 
that, since G (7i), the functional ip is a positive linear functional on 

C{TC). One uses Proposition ll4.51 (b) to check the positivity, using for T > 0, 

Tt^{T\D\-'P) = Tt:^{T^''^\D\-pT^''^) > 0. 

Let us show that for any T > one has (t>{T) < ij{T). One has 

aN{T^/^\D\-PT^/^) = aNi\D\-P^^T\D\-P^^) 

using A = \D\-P^^T^/^ in 

(235) fin{A*A)^ fin{AA*), VAe/C,neN. 
Thus one gets 

(236) i,{T) = TUT\D\-P) = aN{\DrP/^T\D\-P/^) 

log A* 

By dHH), one has 

aNi\D\-P/^T\D\~P/^) = snp{TT{\D\-P/^T\D\-P/^E) | dim£: = N} 

> Tr{\D\'P^^T\D\-P^^EN) = Tt{En\D\-pT) 

since En and jDj-P/^ commute. Thus aNi\D\-P^^T\D\-P^^) > Tt{En\D\-pT) and 
after dividing by logiV and applying Lim^^ to both sides one gets the inequality 
(t>{T) < i;{T). But, by (ESI, (t){l) = Tr^(|i:>|-P) = V(l) and thus the positive 
functional 6* = is equal to 0, by the Schwartz inequality \9{T)\'^ < 9{T*T)0{1). 

□ 

With \D\ as above, we let as in (|156l) . for any A > 0, 

(237) P{X) ^ l[o,x]{\D\) , a(A)=TrP(A). 
Lemma 14.7. Assume that 

(238) liminf A"Pa(A) > 
Then, for any bounded operator T G C{TL) one has 

(239) p Lim^-^ Tt{En\D\-pT) = Un,).,^^-^Tv{P{\)\D\-PT) 

log A* log A 

Proof. We can assume by linearity that T > 0. We have (using (|157p ') constants 
Ci > and C2 < oo such that: 

(240) ci\P < a{X) < C2AP 
We let: 

(241) f{N) = TiiEN\D\-PT) , 5(A) = Tr{P{X)\D\-PT) 
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Since dimP(A) < N implies P(A) < En we get, using P{X)\D\~p < En\D\-p, 

(242) f{N)>g{X), yX,C2V<N. 
Similarly, since dimP(A) > N implies P(A) > Ejy we get 

(243) /(iV)<5(A), VA,ciAP>iV. 

We extend f{N) to positive real values of iV as a non-decreasing step function. 
The arbitrariness of the extension is irrelevant since f{N + 1) — f{N) when 
— > oo and we are interested in Lim^ i^gpf fi^) which is insensitive to bounded 
perturbations of /. By construction, the Cesaro mean satisfies the following scale 
invariance, for bounded functions /, 

(244) \M{0^{f)){\) - M(/)(A)| ^ as A ^ ex., 

where ^ > and 6lp(/)(A) = fin^^X) VA e R*^. It follows from (1242]) and (1243]) 
that f{ciN) < g{N^/P) < f{c2N) up to o{N) and for any positive real N. Thus the 
scale invariance of the Cesaro mean (12441) . together with \ogN/ \ogcN 1 gives: 

(245) M{-l-f{N)) - Af(^g(ivVP)) ^ q 

log A* log N 

so that 

Lim<^-^/(iV) = -Lim^ ^-r^gi^'^^'') 

logiV'^ ' p logA^i/P^^ ^ 

and the required equality (|239p follows from Definition 114.31 □ 
Corollary 14.8. Assuming (|238p . one has 

(246) p Tr^{T\D\-P) - Lim^^.^^-^ TiiP{X)\D\~PT) , VT e C{H) . 

log A 

Proof. This follows from Lemmas 114.61 and 114.71 □ 

Theorem 14.9. Assume (j^gg)) . Let f £ Cc{[0,oo{). Let p ^ p u^-'^ f{u)du. 
Then for any bounded operator T £ C{T-L) one has 

(247) UmU_^ePTT{f{e\D\)T) = pTr^(r|i^|-^') 

Proof. Let g{u) — f{u) viewed as an integrable function on the multiplicative 
group M!j_, endowed with its normalized Haar measure d*u — We can assume 
that T > 0. We consider the positive measure on given by df3{X) where 

(248) f3{X) ^ Tr{P{X)\D\-PT) 

which is a non-decreasing step function of A. The measure d/3 is a positive linear 
combination of Dirac masses, d(3 = '^ctnSx^. One has 

df3iX) = Tr{dP{X)\D\-PT) = A-PTr(dP(A)r) 
ePTr{f{e\D\)T) = eP / /(eA)Tr(dP(A)r) = / A^ /(eA)d/3(A) 



so that: 

(249) ePTT{f{e\D\)T)^ / g(eA)d/3(A) 
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The convolution of the measure d/3 with the function g{u) = g{u ^) makes sense, 
since both have support in an interval [uq, oo[ with uq > 0, and gives the function 

(250) {g*dP)(u) = / g{u-^\)dp{\). 



Thus, with h{e) ^ ePTr(/(e|D|)r), one gets using ([MS)) . 

(251) h{u-^) ^ {g dl3){u) 

The convolution of the measures g{u)d*u and d(3 is absolutely continuous with 
respect to d*u and is given, with 9u{v) — uv for all u,v > 0, by 

(252) {g-kd(3)d*u = J g{u)9u{d(3)d*u . 

We extend the definition of the Cesaro mean (|227p to measures /i by: 

(253) M{fi}{X} = -\ [ dfi, 

log A J I 

so that 

(254) M{fi){X) = M{h){X) for fi^hd*u. 
One has /3(A) — O(logA) since 

m < TiiP{X)\D\-P)\\T\\ < f\-Pda{u)\\T\\ 

Jo 

while a{u) = near 0, and u~Pa{u) is bounded by (|240p . This gives after integrat- 
ing by parts 

u~Pda{u) = \~Pa{X) + f pu~P~'^a{u)du < C2{1 + plog X) + c' 

"'0 

Moreover for t; > 1 one gets, by the above integration by parts, 

(255) /3(wA) - /3(A) < ||T|| / u-P(ia(M) < ||T|| C2(l + log^;) . 



A 



One has 



^ 1 



(256) Midm) = j^J^ d/3=^(/3(A)-/3(l)) 

Thus one has constants a and b such that for any u, 

(257) |M(0„(d/3))(A) -Af(d/3)(A)| (a + 6| logu|)(log A)-i 
Thus since g{u) and | logu|.g(w) are integrable, 

(258) M{J g{u)eu{d(3)d*u) - M{d(3) Jg{u)d*u^O 
Equivalently, using (l^5T|) . (1^5^ . ^EM and / g[u)d*u = J g{u)d*u, 

(259) M{h)-M{dP) [g{u)d*u~^0, h{u) ^ h[u-^) . 



Now by (|256l) and ((2461) one has 

(260) LimAP^a.M(d/3)(A) = p Tt^{T\D\-p) 
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Thus we finally get 

(261) (p j g{u)d*u)TvjT\D\-P) = LimAP^^Af(/i)(A) 

The right hand side is given, by definition, by 

UmxP^^M{h){X) = w(M(fc)(u)) , k{u) = M{h){u^/P) 

Thus we stih need to compare k{u) = M{h)(u^/P) with ki{u) M{h{X^/P))(u), 
but a simple computation shows that k{u) = fci(u). □ 



Corollary 14.10. Assume (I238p . Let f G Cc([0, cx)[)+ 6e a positive function. Let 
p = p /q°° u^^^ f{u)du. One has, when e ^ 0, 

(262) liminf ePTr(/(e|L>|)r) < pTr^(r|i:>rP) . 

Proo/. Let 5 = liminf Tr(/(e|i:)|)r). Then for any c < 1 one has h{e) = 
ePTr(/(e|i:»|)r) > c5 for e < > 0. It follows that UTn%_^h{e) > cS. Thus 
by ([M7)) one has c6 < pTt^{T\D\-p) and one gets (|^ . □ 
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